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Abstract: We extend the null background construction of [1, 2] to include torsion
and a conserved spin current, and use it to study gauge and gravitational anomalies in
Galilean theories coupled to torsional Newton-Cartan backgrounds. We establish that the
relativistic anomaly inflow mechanism with an appropriately modified anomaly polyno-
mial, can be used to generate these anomalies. Similar to relativistic case, we find that
Galilean anomalies also survive only in even dimensions. Further, these anomalies only
effect the gauge and rotational symmetries of a Galilean theory; in particular the Milne
boost symmetry remains non-anomalous. We also extend the transgression machinery
used in relativistic fluids to fluids on null backgrounds, and use it to determine how these
anomalies affect the constitutive relations of a Galilean fluid.
Unrelated to Galilean fluids, we propose an analogue of the off-shell second law of ther-
modynamics for relativistic fluids introduced by [3], to include torsion and a conserved
spin current in Vielbein formalism. Interestingly, we find that even in absense of spin
and torsion the entropy currents in two formalisms are different; while the usual entropy
current gets a contribution from gravitational anomaly, the entropy current in Vielbein
formalism does not have any anomaly induced part.
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1 | Null Reduction and Anomalies
The world around us, for most practical purposes, can be regarded non-relativistic. So it is
important to ask how various exotic results in relativistic theories are to be interpreted in non-
relativistic limit. Taking this limit however turns out to be a non-trivial task; except in few
special cases, non-relativistic limit is either not well defined or is not unique1, which forces
the analysis to resort on approximate methods. It is generally accepted that non-relativistic
theories can be very well approximated by Galilean theories. So rather than taking a limit of
relativistic theories, one can take a more axiomatic approach of defining the Galilean theories
in their own right – as has been historically done – and say something useful about the non-
relativistic theories. About a decade after the inception on general relativity it was realized
that Galilean spacetimes can also be packaged into a nice covariant language – Newton-Cartan
geometries [6, 7]. Since then there has been a huge amount of development in understanding
1For example, Maxwell’s electromagnetism is known to have more than one non-relativistic limits [5].
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how Galilean theories couple to Newton-Cartan backgrounds [4, 8–21]2. We recommend looking
at §2.1 of [18] for a short and self contained review of Newton-Cartan geometries, which will
be extensively used throughout this work. Refer [22–25] for some more recent work on Galilean
physics which will not be touched upon here.
There is also a relatively recent way to approach non-relativistic physics – null reduction [26–28].
It is known for a long time that Galilean group can be embedded into one dimensional higher
Poincare´ group. Correspondingly, one can constrain the Poincare´ algebra in a certain way,
and reduce it to a Galilean algebra. To be more precise, consider generators of 5 dimensional
Poincare´ algebra written in null coordinates3 (A,B = −,+, 1, 2, 3),
Spacetime Translations: PA, Lorentz Transformations: MAB. (1.1)
A subset of these – generators which commute with null momenta P− (a, b = 1, 2, 3),
P−, P+, Pa, Ma+, Mab, (1.2)
form a Galilean algebra, with P− acting as a new Casimir. P− can be interpreted as continuity
operator (with mass as its conserved charge), Pa as translations, P+ as time translation, Ma+
as Galilean boosts and finally Mab as rotations (look at [29] for an extensive review)
4. It has
far reaching implications – one has an entire new way to take ‘non-relativistic limit’. Rather
than starting from a 4 dimensional relativistic theory and taking ‘c’ to infinity to get a non-
relativistic theory, one can start with a 5 dimensional relativistic theory and reduce it over
a light cone (introduce a null Killing vector) to get a Galilean theory, which is as good as
a non-relativistic theory. This idea (and its generalizations to higher and lower dimensions)
have been used readily in the literature to reproduce known results and to get new insights
into non-relativistic physics. Probably most important of these was to reproduce (torsional)
Newton-Cartan geometries starting from a Bargmann structure (relativistic manifold carrying
a covariantly constant null Killing vector) in one higher dimension [13, 16, 30, 31]. Also authors
in [32] and many following them (e.g. [33, 34]) established that reducing a relativistic fluid on
light cone indeed gives the expected constitutive relations of a Galilean fluid, discussed e.g. in
[35].
In [34] authors realized that although this mechanism gives ‘a’ Galilean fluid, it is not the most
generic one. Especially thermodynamics which the reduced fluid follows is in some sense more
restrictive than the most generic Galilean theories5. Also parity-violating sector of the reduced
fluid is highly restrictive and survives only in a very special case of ‘incompressible fluids kept in
a constant magnetic field’. Same authors in [1] provided a resolution to this issue, which however
is little different from the usual spirit of null reduction. Rather than doing null reduction of
a relativistic fluid, authors suggested to construct a theory of fluids coupled to Bargmann
structures from scratch, henceforth referred as Bargmann fluid or null fluid6. In the process
2It is far from the reach of a mortal being to compile an exhaustive list of work on non-relativistic physics;
please refer to mentioned works and references therein.
3We define the transformation to null coordinates as x± = 1√
2
(x0 ± x4).
4To be more precise, what we call Galilean group is generally known as the Bargmann group which is the
central extension of Galilean group with central generator P−. Galilean group sits inside as a special case with
P− = 0.
5See eqn. IV.121 of [34] and footnote (7) of [2] for more details on this issue.
6Why ‘null’ fluid? A fluid is generally called ‘null’ if the corresponding fluid velocity is a null vector. Unlike
usual relativistic fluids, one can show that on a Bargmann structure (with null Killing vector V M), a null fluid
(uMuM = 0) and a unit normalized fluid (w
MwM = −1) are related by merely a field redefinition: u
M =
wM + 1
2wNVN
V M . [1] found that writing a Bargmann fluid in terms of ‘null fluid velocity’ is more natural from
the point of view of a Galilean fluid.
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it was realized that there are certain aspects of null fluids which arise just by the introduction
of null isometry and have no analogue in usual relativistic fluids. Upon null reduction7, this
null fluid gives rise to the most generic Galilean fluid. In a sense null fluids can be seen as a
particular embedding of Galilean fluid into a spacetime of one higher dimension. This approach
is more in lines with the axiomatic approach to study Galilean theories, but has the benefit that
we have all the well-developed machinery of relativistic physics at our disposal.
The aim of this paper is to address a similar issue, but in a different setting – anomalies. Gauge
and gravitational anomalies for a non-relativistic quantum field theory (Lifshitz fermions) was
discussed in [36] using path integral methods. [37] on the other hand took the conventional
null reduction approach to this problem, where author started with an anomalous relativistic
theory and figured out its fate upon reduction. There is however an issue with this approach
– relativistic anomalies8 are known to exist only in even dimensions, hence this approach will
essentially give anomalies only in odd dimensional Galilean theories. This is slightly unpleasant,
because if one is to look at Galilean theories as a makeshift for non-relativistic theories which
in turn are ‘low velocity’ limit of relativistic theories in same number of dimensions, one would
expect them to be anomalous only in even dimensions. Half of this problem can be solved
by noting that all the anomalies found by [37] crucially depend on the components of higher
dimensional gauge field and affine connection along the Killing direction (A∼, Γ
M
∼N where AM
is the gauge field, ΓRMN is the affine connection, and the null Killing vector is chosen to be
∂∼). It was noted by [34] that these components act as sources in the mass conservation Ward
identity (look at discussion around eqn. (2.42)). Since we do not know of any such mass sources
appearing in nature, it would be better to switch these off (one can check that these mass sources
A∼, Γ
M
∼N are well defined gauge covariant tensors). Doing so will eliminate all the anomalies in
odd dimensional Galilean theories. We call the Bargmann structures with these mass sources
set to zero as compatible Bargmann structures or null backgrounds following [2]. The other
half of the problem is however more challenging – we need to find a consistent mechanism to
introduce anomalies in theories coupled to odd dimensional null backgrounds.
The basic idea to do this was illustrated in [2] using abelian gauge anomalies. To motivate this
lets consider the simplest case of 4 dimensional flat relativistic theory with a U(1) anomaly.
Conservation of corresponding (covariant) current Jµ is given as,
∂µJ
µ =
3
4
C(4)ǫµνρσFµνFρσ , (1.3)
where Fµν is the field strength tensor and C
(4) is the anomaly constant. Upon taking a non-
relativistic limit, one would qualitatively expect the conservation law to look like (for appropri-
ately large or small C(4)),
∂tq + ∂ij
i
q = 3C
(4)εijkF0iFjk = −6C(4)eibi, (1.4)
where e, b are the electric and magnetic fields respectively. This effect can be reproduced after
null reduction of a 5 dimensional conservation law,
∂MJ
M =
3
4
C(4)ǫMNRST V¯MFNRFST , (1.5)
7Since the theory already has a null Killing field, null reduction is defined as choosing a foliation transverse to
the Killing field and compactifying the null direction. As we shall discuss in § 2.3, doing this requires introducing
a Galilean frame of reference, or in other words a preferred notion of time.
8Author in [37] considered both gauge/gravitational as well as Weyl anomalies; however in this work we will
only be concerned about the former.
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where V¯ M is an arbitrary null vector with V¯∼ = −1. Note that F∼M = ∂∼AM − ∂MA∼ = 0
when A∼ = 0. Since one index on ǫ must be ‘∼’, that responsibility lands on V¯M implying that
the mentioned expression doesn’t depend on what V¯ M is chosen (these statements will be made
more rigorous in § 3.2). It was observed by [2] that this anomaly can indeed be generated by
anomaly inflow mechanism exactly in the same way as it works for usual relativistic anomalies,
but with a tweaked anomaly polynomial. Authors there were interested in abelian anomalies
and how they affect the hydrodynamics at the level of constitutive relations. This work will
generalize these arguments to non-abelian and gravitational anomalies, and will give a more
rigorous and transparent mechanism to compute their contribution to Galilean hydrodynamics
using transgression machinery of relativistic fluids [38].
However unlike [2] we would need to introduce torsion in the game for a clearer analysis of
gravitational sector. In Newton-Cartan geometries it is known (cref. [18]) that torsionlessness
imposes a dynamic constraint dn = 0 on the time metric n = nµdx
µ. It has been noted in
[16, 21, 39] that lifting this constraint off-shell is necessary to study energy transport in Galilean
theories. Similar issue also showed up in the context of Galilean hydrodynamics discussed in [1]
where authors noted that on torsionless Galilean backgrounds second law of thermodynamics
fails to capture all the constraints obeyed by transport coefficients of a Galilean fluid. Since
we would be interested in off-shell physics to understand anomalies, imposing torsionlessness
would only make matters less clear. Nevertheless, on cost of some added technicality, it would
allow us to explore null reduction for theories with non-zero spin current, which as far as we can
tell hasn’t been attempted9. [4] has considered the most generic Galilean theories on torsional
Newton-Cartan background (without a conserved spin current), which follows very nicely via
null reduction. Notably authors in [4] presented their results in a ‘frame-independent’ manner
using an ‘extended space representation’ of the Galilean group; we show in appendix (B) that this
representation is nothing but the theory on a null background seen prior to null reduction.
It is worth noting here that the essence of null reduction, usual or axiomatic, lies in the fact that
the sophisticated machinery of relativistic theories can be used to say something useful about
non-relativistic theories. This method however has its limitations; one needs to be acquainted
with the relativistic side of the story to appreciate the construction. Although we review
whatever is required for this work, readers might find it helpful to consult the relativistic results
first, or from time to time during the reading. The respective relativistic references will be
mentioned on the go.
Unrelated to Galilean fluids, we also make some observations regarding entropy current for a
relativistic fluid. Recently an off-shell generalization of the second law of thermodynamics was
considered by [3] in context of torsionless relativistic hydrodynamics. The authors in [40, 41]
also proposed a new abelian U(1)T symmetry in hydrodynamics associated with this off-shell
statement, with entropy as its conserved charge. We propose a natural generalization of this
off-shell statement of second law in Vielbein formalism, in presence of torsion and a conserved
spin current. More interestingly, even in absence of torsion we find that the entropy current
defined by off-shell second law in Vielbein formalism, is different from what defined in usual
formalism (we call the latter as Belinfante entropy current). Vielbein entropy current does not
have any anomaly induced part, while the Belinfante entropy current has been shown to get
contributions from gravitational anomaly [41]. A similar distinction between two formalisms has
been known for energy-momentum tensor as well: while the Vielbein formalism deals with an
asymmetric canonical EM tensor (which is Noether current of translations), the usual formalism
9Some authors including [16] have considered null reduction in presence of torsion, but have not included a
spin connection as an independent background source.
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deals with a symmetric Belinfante EM tensor (which couples to the metric in general relativity)
(see footnote 11 for related comments). Motivated from this, and the fact that Vielbein entropy
current does not get contributions from anomaly, we guess that it should be in some sense more
naturally related to the fundamental U(1)T symmetry of [40, 41]. In the passing we would
also like to note that the two entropy currents are found to differ only off-shell, and boil down
to the same on imposing equations of motion. Further, for a spinless fluid the difference only
survives in anomalous sector, and is precisely what accounts for the Vielbein entropy current
being independent of anomalies. Interested readers can jump directly to appendix (D).
This work is broadly categorized in 5 sections. The remaining of introduction contains a sum-
mary of our main results in § 1.1. § 2 starts off by extending null background construction
of [2] to include torsion, which is further used to derive Ward identities of a Galilean theory
with non-trivial spin current in § 2.3. A review of the relativistic anomaly inflow mechanism
has been provided in § 3, which we modify in § 3.2 to account for anomalies in null/Galilean
backgrounds and derive corresponding anomalous Ward identities. Later in § 4 we discuss how
these anomalies affect the constitutive relations of null/Galilean hydrodynamics. Keeping in
mind the technicality of this work, a detailed walkthrough example for the simplest case of 3
dimensional null theories (2 dimensional Galilean theories) has been given in § 5.1, results of
which are generalized to arbitrary higher dimensions in § 5.2. In appendix (A) we present some
of our results in conventional non-covariant basis for the benefit of readers not acquainted with
Newton-Cartan language. Appendix (B) is devoted to a comparison of null backgrounds to the
extended space representation of [4]. In appendix (C) we give some notations and conventions
for differential forms used throughout this work. Finally in appendix (D) we comment on the
entropy current in relativistic hydrodynamics in Vielbein formalism.
1.1 Overview and Results
Skipping all the technicalities we start directly with the results, keeping in mind that these
results have been obtained by null reduction of anomalies on null backgrounds. In the following
we denote indices on Newton-Cartan (NC) manifold MNC(d+1) by µν . . ., and on a flat spatial
manifold by R(d) by a, b . . .. NC structure is defined by a time-metric nµ, a degenerate Viel-
bein e µa , and a flat metric δab. Further we define a NC frame velocity v
µ, and using it an
‘inverse’ Vielbein eaµ by v
µnν + e
µ
a eaν = δ
µ
ν and eaµe
µ
b = δ
a
b. Indices on MNC(d+1) cannot be
raised/lowered, while on R(d) can be raised/lowered by δab, δab. MNC(d+1) indices can be projected
down to R(d) using eaµ, e
µ
a . NC manifold is also equipped with a connection Γλµν , a spin con-
nection Caµb, a non-abelian gauge field Aµ and a covariant derivative
∇µ associated with all of
these. Differential forms are denoted by bold symbols.
Similar to the relativistic case, we find that (gauge and gravitational) anomalies on an even
dimensional NC backgroundMNC(2n), are governed by a (2n+2) dimensional anomaly polynomial
p(2n+2). However here the anomaly polynomial is written in terms of Chern classes of gauge
field strength F = dA+A∧A = 12Fµνdxµ∧dxν and Pontryagin classes of NC spatial curvature
Rab = dC
a
b + C
a
c ∧ Ccb = 12R aµν bdxµ ∧ dxν . The odd dimensional Galilean theories on the
other hand are non-anomalous (in absence of any extra mass source). In presence of anomalies,
7 | 1 Null Reduction and Anomalies
the conservation laws of the theory are given as,
Mass Cons. (Continuity): ∇µρµ = 0,
Energy Cons. (Time Translation): ∇µǫµ = [power]− pµacµa,
Momentum Cons. (Translations): ∇µpµa = [force]a − ρµcµa,
Temporal Spin Cons. (Galilean Boosts): ∇µτµa =
1
2
(ρa − pa) ,
Spatial Spin Cons. (Rotations): ∇µσµab = p[ba] + 2τµ[ac b]µ + σ⊥abH ,
Charge Cons. (Gauge Transformations): ∇µjµ = j⊥H, (1.6)
where ∇µ = ∇µ + vνHνµ − e νa Taνµ. Here Hµν is the temporal torsion and Taµν is the spatial
torsion. Along with the conservation laws, the associated symmetries and conserved quantities
have been specified above. We see that mass is exactly conserved. Energy/momentum is
sourced by power/force densities (expressions can be found in § 2.3) and pseudo-power/force
due to spacetime dependence of the frame velocity c aµ = e
a
ν
∇µvν . Temporal spin is sourced by
difference in spatial mass current and momentum density; for spinless theories it implies equality
of the two. Barring anomalies, spatial spin is sourced by antisymmetric part of momentum
density (causing torque) and pseudo-torque, while charge is exactly conserved. In addition to
these, spatial spin and charge are also sourced by gravitational σ⊥abH and gauge j
⊥
H anomalies
respectively. These anomaly sources can be determined from the anomaly polynomial p(2n+2)
as,
σ⊥abH = − ∗↑
[
∂p(2n+2)
∂Rba
]
, j⊥H = − ∗↑
[
∂p(2n+2)
∂F
]
. (1.7)
In the study of Galilean hydrodynamics, we can construct the sector of constitutive relations
completely determined by mentioned anomalies. For doing this, we first need to define the
hydrodynamic shadow gauge field, Aˆ = A−µn and spin connection Cˆab = Cab− [µσ]abn, where
µ is the gauge chemical potential and [µσ]
a
b is the spatial spin chemical potential. We call the
corresponding field strengths Fˆ and Rˆab, and the anomaly polynomial made out of these to be
pˆ(2n+2). Using these we define the transgression form, V
(2n+1)
p = −
n
H
∧
(
p(2n+2) − pˆ(2n+2)
)
,
where H = −dn. It can be used to generate the anomalous sector of constitutive relations;
only non-zero contributions are given as,
(ǫµ)A = ∗↑
[
∂V
(2n+1)
p
∂H
]µ
, (σµab)A = ∗↑
[
∂V
(2n+1)
p
∂Rba
]µ
, (jµ)A = ∗↑
[
∂V
(2n+1)
p
∂F
]µ
.
We leave it for the readers to convince themselves that these formulas are well defined. These
constitutive relations follow the second law of thermodynamics and off-shell adiabaticity with
a trivially zero entropy current. We would like to caution the reader that these are merely the
contribution from anomalies to the constitutive relations, there will be further contributions
which are independent of anomalies and have not been discussed here.
Explicit examples of the above results in case of U(1) and gravitational anomalies, for 2 di-
mensions and a generalization to 2n dimensions has been given in § 5. But probably the most
important take home message of this work is that one can perform a consistent analysis of gauge
and gravitational anomalies for Galilean theories using guidelines laid out by relativistic con-
struction. This should be taken as a yet another point in the favor of, or rather an advertisement
for, the axiomatic approach to null reduction – null backgrounds [1].
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2 | Galilean Theories with Spin and Torsion
The aim of this section is to extend the null background construction of [1, 2] to torsional
backgrounds, and derive non-anomalous Ward identities for a Galilean theory with non-zero
spin current. We will later introduce anomalies in § 3. The construction is mainly based on the
work of [16, 31] on torsional null reductions, with certain modifications. We will be working in
Vielbein formalism, which is most natural choice for a spin system. Hence the language and
expressions will be slightly different from what seen in the earlier work on null backgrounds [2]
where authors focus on torsionless and spinless case.
2.1 Einstein-Cartan Backgrounds
We start with a short review of Einstein-Cartan backgrounds, mostly to setup notation for
our later discussion on torsional null backgrounds. A more comprehensive introduction to this
formalism can be found in e.g. [42]. Consider a manifoldM(d+2) theories on which are invariant
under diffeomorphisms and possibly non-abelian gauge group G. We denote the infinitesimal
diffeomorphism and gauge variation parameters by,
ψξ =
{
ξ = ξM∂M ,Λ(ξ)
} ∈ TM(d+2) × g. (2.1)
We have denoted tangent bundle of M(d+2) as TM(d+2), and Lie group corresponding to G
as g. Indices on M(d+2) are denoted by M,N,R, S . . .. M(d+2) is endowed with a metric
ds2 = GMNdx
MdxN , a g valued gauge field A = AMdx
M and a metric compatible affine con-
nection ΓRMS which is not necessarily symmetric in its last two indices. In the case of torsional
geometries it is more natural to shift to Vielbein formalism, which we describe in the following.
The condition of local flatness of a manifold allows us to define a map between TM(d+2) and
(pseudo-Riemannian) flat space R(d+1,1), realized in terms of a Vielbein EAM and its inverse
E MA , restricted by,
GMN = E
A
ME
B
NηAB, G
MN = E MA E
N
B η
AB, (2.2)
where ηAB is the flat metric, and A,B,C,D . . . denote indices on R
(d+1,1). Indices onM(d+2) can
be raised and lowered by GMN , and on R
(d+1,1) by ηAB. Indices onM(d+2) and R(d+1,1) can also
be interchanged using the EAM . Vielbein has (d+2)
2 components out of which 12(d+2)(d+3) are
taken away by eqn. (2.2). Remaining 12(d + 1)(d + 2) components can be fixed by introducing
an additional SO(d + 1, 1) symmetry in Vielbein EAM ∼ OABEBM . Hence EAM modded by
diffeomorphisms and SO(d + 1, 1) has same physical information as GMN modded with only
diffeomorphisms. We also define a spin connection for fields living in R(d+1,1),
CAB = C
A
MBdx
M = E SB (E
A
RΓ
R
MS − ∂MEAS) dxM , (2.3)
which has same information as ΓRMS. So finally our system can be described by the trio
{EAM , CAMB, AM}modded by diffeomorphisms, gauge transformations, and SO(d+1, 1) rotations
denoted by infinitesimal parameters,
ψξ =
{
ξM∂M , [ΛΣ(ξ)]
A
B,Λ(ξ)
} ∈ TM(d+2) × so(d + 1, 1) × g. (2.4)
Here so(d+ 1, 1) denotes the Lie algebra of SO(d+ 1, 1). ψξ is given a Lie algebra structure by
defining a commutator on it,
ψ[ξ1,ξ2] = [ψξ1 , ψξ2 ] = δξ1ψξ2 = −δξ2ψξ1 , (2.5)
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where,
δξ1ξ2 = £ξ1ξ2 = −£ξ2ξ1 = −δξ2ξ1,
δξ1 [ΛΣ(ξ2)]
A
B = £ξ1 [ΛΣ(ξ2)]
A
B + [ΛΣ(ξ2)]
A
C[ΛΣ(ξ1)]
C
B − [ΛΣ(ξ1)]AC [ΛΣ(ξ2)]CB −£ξ2 [ΛΣ(ξ1)]AB
= −δξ2 [ΛΣ(ξ1)]AB,
δξ1Λ(ξ2) = £ξ1Λ(ξ2) +
[
Λ(ξ2),Λ(ξ1)
]−£ξ2Λ(ξ1) = −δξ2Λ(ξ1). (2.6)
Similarly the action of ψξ (denoted by δξ) on an arbitrary field ϕ (all indices suppressed) obeys
an algebra: [δξ1 , δξ2 ]ϕ = δ[ξ1,ξ2]ϕ. Under the action of ψξ constituent fields vary as,
δξE
A
M = £ξE
A
M − [ΛΣ(ξ)]ABEBM = ∇MξA + ξNTANM − [νΣ(ξ)]ABEBM ,
δξC
A
MB = £ξC
A
MB +∇M [ΛΣ(ξ)]AB = ∇M [νΣ(ξ)]AB + ξNRNMAB,
δξAM = £ξAM +∇MΛ(ξ) = ∇Mν(ξ) + ξNFNM , (2.7)
where ξA = EAMξ
M and £ξ denotes Lie derivative along ξ
M . The covariant derivative ∇M
is associated with all the connections ΓRMS, C
A
MB, AM , which acts on a general field ϕ
R A
S B
transforming in adjoint representation of the gauge group as,
∇MϕRSAB = ∂MϕRSAB +ΓRMNϕN AS B −ΓNMSϕR AN B +CAMCϕR CS B −CCMBϕR AS C + [AM , ϕRSAB] ,
(2.8)
and similarly on higher rank objects. In eqn. (2.7) we have defined10
Scaled gauge chemical potential: ν(ξ) = Λ(ξ) + ξ
NAN ,
Scaled spin chemical potential: [νΣ(ξ)]
A
B = [ΛΣ(ξ)]
A
B + ξ
NCANB, (2.9)
associated with ψξ. We have also defined curvatures of all the constituent fields,
Gauge Field Strength: F = dA+A ∧A = 1
2
FMNdx
M ∧ dxN ,
Spacetime Curvature: RAB = dC
A
B +C
A
C ∧CCB =
1
2
RMN
A
Bdx
M ∧ dxN ,
Spacetime Torsion: TA = dEA +CAB ∧EB =
1
2
TAMNdx
M ∧ dxN . (2.10)
On can check that all these quantities ν(ξ), [νΣ(ξ)]
A
B, FMN , RMN
A
B, T
A
MN transform covariantly
under the action of ψξ. It is interesting to note that C
A
MB transforms as a so(d + 1, 1) valued
gauge field. In terms of torsion it is possible to give an exact expression for connections which
we note for completeness,
ΓRMS =
1
2
GRN (∂MGNS + ∂SGNM − ∂NGMS +TNMS − TMSN − TSMN) ,
CAMB =
1
2
ηBDE
[D|S
[
2
(
2∂[SE
A]
M ] − TA]SM
)
+ ECME
A]N
(
2∂[SE
C
N] − TCSN
)]
. (2.11)
A physical theory onM(d+2) can be described by a partition function W [EAM , CAMB, AM ] which
is a functional of Vielbein and connections. Under an infinitesimal variation of the sources its
response is captured by,
δW =
∫
{dxM}
√
|G|
(
TMAδE
A
M +Σ
MA
BδC
B
MA + J
M · δAM
)
, (2.12)
10 By scaled we mean scaled with temperature: ν = µ/ϑ, where µ is the chemical potential and ϑ is the
temperature. Note that at this point these quantities are just introduced for computational convenience; and will
get a physical meaning only in presence of a preferred symmetry data, e.g. when spacetime admits an isometry.
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where X · Y = Tr [XY ] for X,Y ∈ g is the inner product on g. TMA is the canonical energy-
momentum tensor, ΣMAB is the spin current (antisymmetric in its last two indices) and JM is
the charge current. Demanding the partition function to be invariant under the action of ψξ we
can find the Ward identities11 related to these currents,
∇MTMN = TBNMTMB +RNMABΣMBA + FNM · JM ,
∇MΣMAB = T [BA],
∇MJM = 0, (2.13)
where ∇M = ∇M − TNNM .
2.2 Null Backgrounds
We are now ready to define null backgrounds. These kind of backgrounds and their Galilean
interpretation goes back to [13, 16, 31, 44]. The idea of null backgrounds is to somewhat tweak
the procedure, so that we not only get the correct symmetries, but also reproduce the required
background field content after reduction. As we shall show, this even allows us to add anomalies
in odd dimensional null backgrounds which naively doesn’t look possible.
We will call ψξ a compatible symmetry data if the scaled chemical potentials associated with it de-
fined in eqn. (2.9) are identically zero. Now, a manifoldM(d+2) along with fields {EAM , CAMB, AM}
will be called a null background (or more formally a compatible Bargmann structure) if it admits
a covariantly constant compatible null isometry generated by ψV = {V M∂M , [ΛΣ(V )]AB,Λ(V )}
i.e.,
1. Action of ψV is an isometry, δV E
A
M = δV C
A
MB = δVAM = 0,
2. V is null, V MVM = 0,
3. V is covariantly constant, ∇MV N = 0, and
4. ψV is compatible, ν(V ) = V
MAM + Λ(V ) = 0, [νΣ(V )]
A
B = V
MCAMB + [ΛΣ(V )]
A
B = 0.
Although this definition of null backgrounds is little different from [2], one can check that it
boils down to the same in torsionless limit. If we drop condition (4), i.e. compatibility, we
would be left with the definition of Bargmann structures [13] extended to Vielbein formalism.
They have some nice properties,
TAMNVA = HMN ≡ 2∂[MVN], RMNABVA = 0. (2.14)
Hence if we are interested in a torsionless theory, we would have to apply a dynamic constraint
on V , which can be violated off-shell. Requirement of compatibility further imposes,
V MTAMN = V
MFMN = V
MRMN
A
B = 0, V
M∇Mϕ = δV ϕ, (2.15)
for any tensor ϕ transforming in an appropriate representation of g and so(d+1, 1) (all indices
suppressed). These restrictions are in some sense backbone of null backgrounds. First and
11 Note that we can use the spin Ward identity to eliminate antisymmetric part of canonical EM tensor in
the EM conservation equation. Doing this is particularly helpful in torsionless theories where the new EM
conservation becomes, ∇MT
MN
(b) = F
NM · JM . Here we have defined the symmetric Belinfante energy-momentum
tensor, TMN(b) = T
(MN)+2∇RΣ
(MN)R. In this work however, we will mostly talk in terms of canonical EM tensor
as this is the Noether charge corresponding to translations. Also it is well known that gravitational anomalies do
not affect the canonical EM conservation [43].
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foremost, they eliminate unphysical mass sources that would otherwise appear in the mass
conservation law after reduction. Hints of it were originally found by [34] in an attempt of
naive null reduction of charged fluids. We would have more to say about it later. As we shall
see, these restrictions also allow for anomalies on odd dimensional null backgrounds and forbid
them in even dimensional ones. This is an important feature, if we are to reproduce physically
realizable anomalies in Galilean theories in one lower dimension.
We demand that physical theories on null backgrounds (referred as null theories) are not invari-
ant under action of any arbitrary ψξ but only those which leave ψV invariant i.e. [ψV , ψξ] = 0.
This requirement ensures that there is no dynamics along the isometry even off-shell. The new
partition function variation can be written following eqn. (2.12) as,
δW =
∫
{dxM}
√
|G| (TMAδEAM +ΣMABδCBMA + JM · δAM +#AδV A) . (2.16)
Note the last term in this expression, which is valid since our restriction does not forbid us
from varying V A. Astute reader might note that we could have absorbed that term into TMA
owing to the fact that δV M = 0, but we have a better setup in mind. The conditions of null
background along with the restrictions we have imposed, imply that null theories are invariant
under the following set of current redefinitions,
TMA → TMA + V MθA1 , ΣMAB → ΣMAB + V MθAB2 , JM → JM + θ3V M , (2.17)
#A → #A − θA1 + θ4V A, (2.18)
where θ’s are arbitrary scalars transforming in appropriate representations of g and so(d +
1, 1). The Ward identities on null backgrounds will also be slightly modified compared to
eqn. (2.13)12,
∇MTMN = TBNMTMB +RNMABΣMBA + FNM · JM ,
∇MΣMAB = T [BA] +#[AV B],
∇MJM = 0, (2.19)
One can check that these equations are invariant under redefinitions eqn. (2.17). To interpret
the new #A term, note that spin (angular momentum) conservation are 12 (d+1)(d+2) equations.
However as was pointed out in the introduction, after reduction system only respects 12d(d− 1)
equations corresponding to rotations and d equations corresponding to Galilean boosts. The job
of #A is then to eliminate the remaining (d+ 1) conservation equations, as it does. Practically
it is best to fix an ‘off-shell gauge’ δV A = 0, which renders a new invariance in the spin
current,
ΣMAB → ΣMAB + θM[A5 V B], (2.20)
and omits the remaining (d+ 1) components of the spin conservation. Note that it will further
restrict ψξ to obey [νΣ(ξ)]
A
BV
B = 0. This point onward we would assume every symmetry data
ψξ to satisfy these requirements, and would term them ψV compatible symmetry data. From
this viewpoint, spin conservation in eqn. (2.19) must be true for some #M , hence ruling out
components involving #M as they carry no information.
12 Following footnote 11 one might wonder how the respective Belinfante EM conservation law looks like
for null theories. Similar to non-null case one can use the spin conservation in EM conservation law, which
will give ∇M
(
TMN(b) −#
[NV M]
)
= FNM · JM . One can show that the #
M dependence can be removed by
using TMA redefinition eqn. (2.17), after which one recovers the standard Belinfante conservation law (given in
footnote 11) even for null theories. Belinfante EM tensor on the other hand is left with redefinition freedom,
TMN(b) → T
MN
(b) + θ1V
MV N . These were derived directly for a spinless null theory in [1].
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On null backgrounds using ψV we can also define some more ‘thermodynamic’ variables associ-
ated with ψξ similar to eqn. (2.9),
Temperature: ϑ(ξ) = − 1
ξNVN
, Scaled mass chemical potential: ̟(ξ) = − ξ
MξM
2ξNVN
, (2.21)
and using it we can define chemical potentials from scaled chemical potentials,
µ(ξ) = ϑ(ξ)ν(ξ), [µΣ(ξ)]
A
B = ϑ(ξ)[νΣ(ξ)]
A
B, µ̟(ξ) = ϑ(ξ)̟(ξ). (2.22)
These abstract definitions will find use later.
2.3 Null Reduction – Newton-Cartan Backgrounds
Having obtained the Ward identities in the null background language, it is now time to see
what does they imply for the Galilean theories. To do this we need to pick up a foliation
M(d+2) = S1V ×MNC(d+1) and compactify along the isometry direction V . Following [2] we note
that since V is null, it is not possible to find a unique such foliation without choosing a set
of ψV compatible time data, ψT = {TM∂M , [ΛΣ(T )]AB,Λ(T )}. This is tantamount to choosing
a preferred Galilean frame of reference13. Having chosen ψT we can define such a foliation as
M(d+2) = S1V × RT ×MT(d), where we identify MNC(d+1) = RT ×MT(d) as degenerate Newton-
Cartan (NC) manifold. We define null reduction as this choice of foliation and subsequent
compactification.
Newton-Cartan Structure: Using ψT we can define a null field orthonormal to V as,
V¯ M(T ) = ϑ(T )T
M + µ̟(T )V
M , (2.23)
such that V¯ M(T )V¯(T )M = 0, and V¯
M
(T )VM = −1. Here ϑ(T ), µ̟(T ) have been defined in eqns. (2.21)
and (2.22). Without loss of generality we choose a basis on M(d+2), xM = {x∼, xµ} such that
ψV = {∂∼, 0, 0}. On the other hand on R(d+1,1) we choose a basis xA = {x−, x+, xa} such that
V = ∂− and V¯(T ) = ∂+. At this stage we choose a specific representation of ηAB, E
A
M and E
M
A
compatible with the mentioned basis,
ηAB =

 0 −1 0−1 0 0
0 0 δab

 , EAM =

1 −Bµ0 nµ
0 eaµ

 , E MA =

 1 0Bνvν vµ
Bνe
ν
a e
µ
a

 , (2.24)
such that,
nµv
µ = 1, e µa nµ = 0, e
a
µv
µ = 0, eaµe
µ
b = δ
a
b, v
µnν + e
µ
a e
a
ν = δ
µ
ν . (2.25)
This can be identified as Newton-Cartan (NC) structure. We can also define the NC degenerate
metric by,
hµν = e
a
µe
b
νδab, h
µν = e µa e
ν
b δ
ab. (2.26)
Since there is no non-degenerate metric on MNC(d+1), raising/lowering of µ, ν . . . indices is not
permitted. However a, b . . . indices can be raised/lowered using δab. NC Vielbein e
a
µ is not a
13[4] proposed a formalism for Galilean theories independent of the choice of frame. But on a closer look it
would be clear that they have just discovered null backgrounds from a different perspective. The Ward identities
as described by [4] are just the null background Ward identities with slight rearrangement; we give a comparison
in appendix (B).
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‘square matrix’ and hence does not furnish an invertible map between tensors on MNC(d+1) and
R
(d). It however can be used to project tensors on MNC(d+1) to tensors on R(d), and tensors on
R
(d) to ‘spatial tensors’ on MNC(d+1),
eaµX
µ = Xa, e µa Yµ = Ya, X
ae µa = h
µ
νX
ν , Yae
a
µ = h
ν
µYν , (2.27)
where hµν = hµρhσν . The compatibility of null isometry switches off many components of the
connections ΓM∼N , Γ
M
µ∼, C
A
∼B, C
A
µ−, C
+
µB and A∼. Remaining non-zero components can be
determined to be,
C−µa = cµa, C
a
µ+ = c
a
µ , Γ
∼
µν = cµν − ∇µBν ,
Γλµν = v
λ∂µnν +
1
2
hλσ (∂µhσν + ∂νhσµ − ∂σhµν) + n(µΩν)σhλσ +
1
2
(
e λa T
a
µν − 2ea(νTaµ)σhλσ
)
,
Caµb =
1
2
nµΩb
a +
1
2
ηbde
[d|ν
[
2
(
2∂[νe
a]
µ] −Ta]νµ
)
+ ecµe
a]σ
(
2∂[νe
c
σ] − Tcνσ
)]
. (2.28)
Here we have defined spacetime dependence of frame velocity cµν = hσν
∇µvσ in terms of which
frame vorticity is given by Ωµν = 2c[µν]. We call a time data (reference frame) ψT to be globally
inertial if cµν = 0. We choose the connections on MNC(d+1) to be Γλµν , Caµb and Aµ, and denote
associated covariant derivative by ∇µ, acting on a general field ϕρ aσ b transforming in adjoint
representation of the gauge group as,
∇µϕρ aσ b = ∂µϕρ aσ b + Γρµνϕν aσ b − Γνµσϕρ aν b + Caµcϕρ cσ b −Ccµbϕρ aσ c +
[
Aµ, ϕ
ρ a
σ b
]
, (2.29)
and similarly on higher rank objects. Action of ∇µ on NC structure can be found to be,
∇µnν = 0, ∇µe νa = 0, ∇µhρσ = 0, ∇µhνρ = −2cµ(νnρ), ∇µeaν = −nνc aµ . (2.30)
One can check that ∇µ,Γλµν agrees with the most generic NC covariant derivative and con-
nection written down in [4]. One can also perform the reduction of curvatures. Surviving
components of gauge field strength are Fµν which act as NC gauge field strength. Similarly
surviving components of torsion are spatial torsion Taµν , ‘mass torsion’ T+µν = −T−µν and
temporal torsion Hµν = −T+µν . Finally we have the surviving components of curvature,
R aµν + = 2∂[µc
a
ν] + 2C
a
[µ|bc
b
ν] , Rµν
a
b = 2∂[µC
a
ν]b + 2C
a
[µ|cC
c
ν]b, (2.31)
which act as NC temporal and spatial curvatures respectively. Both curvatures can also be
combined into a full NC curvature,
R ρµν σ = e
ρ
a
(
R aµν +nσ +R
a
µν be
b
σ
)
. (2.32)
We define raised NC volume element,
εµν...↑ = V¯M ǫ
Mµν... = −ǫ−µν.... (2.33)
Again since volume element is defined with all indices up, and there is no lowering operation, the
corresponding Hodge dual ∗↑ gives a map from differential forms to completely antisymmetric
contravariant tensor fields. It is also possible to define a lowered volume element, but we would
not require it for our purposes. More details on NC volume forms and Hodge duals can be
found in appendix (C).
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Conserved Currents and Ward Identities: Now we need to decompose the currents in
this basis,
TMA =
( × × ×
−ρµ −ǫµ pµa
)
, JM =
(×
jµ
)
, Σ∼AB = ×, ΣµAB =

0 × ×× 0 τµb
× −τµa σµab

 .
(2.34)
Here we have denoted unphysical components by × which can be eliminated by redefinitions
eqns. (2.17) and (2.20). We identify ρµ as mass current, ǫµ as energy current, pµa as momentum
current, τµa as temporal spin current, σµab as spatial spin current, and finally jµ as charge
current. We can also project the µ index in these currents onto R(d) to get corresponding
‘spatial currents’. On the other hand we define various densities as the projection of these
currents along nµ,
ρ = nµρ
µ, ǫ = nµǫ
µ, pa = nµp
µa, τa = nµτ
µa, σab = nµσ
µab, q = nµj
µ. (2.35)
In terms of these, physical components of Ward identities eqn. (2.19) can be expressed as,
Mass Cons. (Continuity): ∇µρµ = 0,
Energy Cons. (Time Translation): ∇µǫµ = [power]− pµacµa,
Momentum Cons. (Translations): ∇µpµa = [force]a − ρµcµa,
Temporal Spin Cons. (Galilean Boosts): ∇µτµa =
1
2
(ρa − pa) ,
Spatial Spin Cons. (Rotations): ∇µσµab = p[ba] + 2τµ[ac b]µ ,
Charge Cons. (Gauge Transformations): ∇µjµ = 0, (2.36)
where ∇µ = ∇µ + vνHνµ − e νa Taνµ. These are the (non-anomalous) conservation laws of a
Galilean theory with spin current. We have mentioned above what are the conserved quantities
(and what is the underlying symmetry). The temporal conservation equation, which is slightly
less familiar, is akin to the Milne boost Ward identity of torsionless case, which states that
spatial mass current must equal the momentum density (look e.g. [18] and follow references
therein). Here [power] and [force]a are power and force densities due to background fields,
[power] = −vν
(
Hνµǫ
µ +T+νµρ
µ +Taνµp
µ
a +R
a
µν +τ
µ
a +Rνµabσ
µba + Fνµ · jµ
)
,
[force]a = e
ν
a
(
Hνµǫ
µ +T+νµρ
µ +Taνµp
µ
a +R
a
µν +τ
µ
a +Rνµabσ
µba + Fνµ · jµ
)
, (2.37)
which act as energy and momentum sources respectively. The terms coupling to cµa in eqn. (2.36)
are due to the chosen Galilean frame (time data) not being globally inertial and hence causes
pseudo-power, pseudo-force and pseudo-torque.
One could have taken a slightly different approach to get these Ward identities and performed
null reduction at the level of partition function eqn. (2.16) itself,
δW =
∫
{dxµ}
√
|γ|
(
ρµδBµ − ǫµδnµ + pµaδeaµ + 2τµaδcµa + σµabδCbµa + jµ · δAµ
)
, (2.38)
where γµν = hµν + nµnν and γ = det γµν = −G. Symmetry data ψξ breaks up in NC basis
as,
ψNCξ =
{
ΛM(ξ) ≡ −ξ∼, ξµ, [Λτ(ξ)]a ≡ [ΛΣ(ξ)]−a, [Λσ(ξ)]ab ≡ [ΛΣ(ξ)]ab, Λ(ξ)
}
, (2.39)
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Variation of various constituent fields under the action of ψNCξ (also denoted as δξ) can be
obtained via null reduction14,
δξBµ = £ξBµ + ∂µΛM(ξ) + [Λτ(ξ)]ae
a
µ = ∂µνM(ξ) + ξ
νT+νµ − ξνcµν + [ντ (ξ)]aeaµ
δξnµ = £ξnµ = ∂µξ
+ − ξνHνµ
δξe
a
µ = £ξe
a
µ − [Λσ(ξ)]abebµ − [Λτ(ξ)]anµ = ∇µξa + ξ+cµa + ξνTaνµ − [νσ(ξ)]abebµ − [ντ (ξ)]anµ
δξcµa = £ξcµa +
(
∂µ[Λτ(ξ)]a − Cbµa[Λτ(ξ)]b
)
+ [Λσ(ξ)]
b
acµb =
∇µ[ντ (ξ)]a + [νσ(ξ)]bacµb − ξνRνµ+a
δξC
a
µb = £ξC
a
µb +
(
∂µ[Λσ(ξ)]
a
b + C
a
µc[Λσ(ξ)]
c
b − Ccµb[Λσ(ξ)]ac
)
= ∇µ[νσ(ξ)]ab + ξνR aνµ b,
δξAµ = £ξAµ + ∂µΛ(ξ) + [Aµ,Λ(ξ)] =
∇µν(ξ) + ξνFνµ. (2.40)
Looking at these expressions we can identify ΛM(ξ) as continuity parameter, ξ
µ the spacetime
translation parameter, [Λτ(ξ)]a as Galilean boost parameter, [Λσ(ξ)]
a
b as rotation parameter, and
Λ(ξ) as gauge parameter. It is further noteworthy that ξ
+ = nµξ
µ and ξa = eaµξ
µ serve as time
translation and space translation parameters respectively. Demanding invariance of eqn. (2.38)
under all these parameters one can recover Ward identities eqn. (2.36). One can compare these
results to those of [4].
In the first equation of (2.40) we have defined scaled total mass chemical potential associated
with ψξ as νM(ξ) = ΛM(ξ)+ξ
µBµ = ξ
M V¯(T )M . It is differs from the scaled mass chemical potential
̟(ξ) defined in eqn. (2.21), by a ‘kinetic’ part, νM(ξ) = ̟(ξ)− 12ϑ(ξ) V¯
a
(ξ)V¯(ξ)a. Following eqn. (2.22)
we can also define total mass chemical potential as, µM(ξ) = ϑ(ξ)νM(ξ) = µ̟(ξ)− 12 V¯ a(ξ)V¯(ξ)a.15
Finally we would like to note that mass being exactly conserved is a consequence of compatibility.
Otherwise the respective conservation equation would look something like,
− ∇µρµ = TA∼MTMA +R∼MABΣMBA + F∼M · JM
= TMA (E
B
M [νΣ(V )]
A
B − EAN∇MV N)− ΣMBA∇M [νΣ(V )]AB − JM · ∇Mν(V ). (2.42)
One can clearly see that ∇MV N , [νΣ(V )]AB and ν(V ) source this conservation. One of the prime
reasons for imposing compatibility is to get rid of these mass sources.
Comparing our analysis to the torsionless case of [2] one would note that authors there also
imposed a ‘T -redefinition’ invariance in the theory, which leads to Galilean boost transforma-
tion upon reduction. Note that on defining ψ¯µ = [Λτ(ξ)]
ae µa , our Galilean boost transforma-
tion,
δξ
∣∣
ψ¯
Bµ = ψ¯µ, δξ
∣∣
ψ¯
vµ = ψ¯µ, δξ
∣∣
ψ¯
hµν = −2ψ¯(µnν), (2.43)
boils down to (infinitesimal) T -redefinition transformation of [2]. Hence for us imposing T -
redefinition is redundant. Actually even for [2], imposing T -redefinition was redundant, as the
authors noted that the corresponding Ward identity is trivially satisfied for theories obtained
14 Note that fixing V M or V A is not a ‘gauge fixing’, as transformations shifting these are not part of our
symmetries on null backgrounds. On the other hand fixing V¯ A(T ) is a gauge fixing which can be violated off-shell.
If we fix this gauge even off-shell we would miss the corresponding temporal spin conservation equation.
15Although we will not be using it in this work, it is interesting to differentiate in two types of mass chemical
potentials. Consider that our system has a preferrend symmetry data ψU . Naively µ̟ corresponds to the first
law of thermodynamics written in terms of internal energy E, while µM corresponds to the first law in terms of
total energy Etot = E +
1
2
Ruaua (where u
a = V¯ a(U); subscripts (U) have been dropped),
dE = ϑdS+µ̟dR+[µΣ]
B
Ad[QΣ]
A
B+µ ·dQ, dEtot = ϑdS+µMdR+u
ad(Rua)+[µΣ]
B
Ad[QΣ]
A
B+µ ·dQ. (2.41)
When working with total energy as a thermodynamic variable, the thermodynamics becomes frame dependent
and first law has a term corresponding to work done due to momentum density Rua as well. Notation used here
can be found in [2].
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by null reduction. It was helpful however to have this transformation there, because Galilean
currents are not boost invariant and there was no non-trivial inherent symmetry of the partition
function to keep track of these transformations.
3 | Galilean Gauge and Spin Anomalies
In the previous section we used null reduction to obtain Ward identities for a Galilean theory
with non-trivial spin current. Now we would like to take this a step ahead and ask – how these
identities modify in presence of a gauge and gravitational anomalies. We would give away the
suspense right away, because the following story is quite technical. As one would expect, the
gauge anomaly in null theory translates to gauge anomaly in Galilean theory as well, while the
gravitational anomaly manifests itself purely through spatial spin conservation. Other 4 out of
6 conservation laws in eqn. (2.36) remain non-anomalous. In formulation of anomalies in Cartan
language it is not surprising; it is known that gravitational anomaly acts as Lorentz anomaly
in this formalism and only violates spin conservation [43]. What is surprising is that we did
not find any anomalies in temporal spin conservation (or correspondingly Milne boost Ward
identity). We do not claim that this anomaly cannot be introduced by other means or that we
are not missing anything, but the fact that number of anomaly coefficients in our treatment
and that of a relativistic theory match exactly (in fact they both are determined by the same
anomaly polynomial), gives us some confidence in our results.
3.1 Anomaly Inflow on Einstein-Cartan Backgrounds
In relativistic theories anomaly inflow has been by far the best way to understand gauge and
gravitational anomalies [45]. We would like to take a step back and first describe the anomaly
inflow mechanism for generic Einstein-Cartan theories. The extension to null theories will then
be more transparent. A good discussion on anomaly inflow for torsionless relativistic theories
can be found in §2 of [46]. We consider that our manifold of interest M(d+2) lives on the
boundary of a bulk manifold B(d+3). Bulk coordinates are denoted with a bar, and we choose a
basis xM¯ = {x⊥, xM}, where x⊥ corresponds to depth into the bulk. All the field content EA¯
M¯
,
AM¯ , C
A¯
M¯B¯
is extended down into the bulk with the requirement that all ⊥ components vanish
at the boundary.
Now we keep our theory of interest on M(d+2), whose generating functional WM is not nec-
essarily invariant under symmetries of the theory – i.e. is anomalous. In the bulk we keep
some theory with generating functional WB, which is invariant under all symmetries up to some
non-trivial boundary terms. The full theory described by W = WM +WB is assumed to be
invariant under all symmetries. It is actually this non-trivial boundary term in WB which in-
duces anomaly in the boundary theory, hence the name anomaly inflow. Note that in absence
of anomalies WB = 0 ⇒ W = WM which was discussed in last section. Let us assume for now
that we have figured out such a WB, and parametrize its infinitesimal variation as
16,
δWB =
∫ {
dxM¯
}√|G(d+3)| (TM¯A¯H δEA¯M¯ +ΣM¯A¯B¯H δCB¯M¯A¯ + JM¯H · δAM¯)
+
∫
{dxM}
√
|G| (TMABZ δEAM +ΣMABBZ δCBMA + JMBZ · δAM) . (3.1)
16Note that SO(d + 1, 1) transformations leave the flat metric ηAB invariant, hence it can commute freely
through variations.
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It is generally known that WB is topological and hence does not depend on the metric/Vielbein,
but we keep it here just for the sense of generality; we will see the respective terms vanishing
when we put in the allowed expression forWB. The Hall currents in the bulk must be manifestly
symmetry covariant by definition of WB. The boundary Bardeen-Zumino currents on the other
hand are symmetry non-covariant. Variation ofWM will generate the consistent currents which
due to anomaly are not symmetry covariant either,
δWM =
∫
{dxM}
√
|G| (TMAconsδEAM +ΣMABcons δCBMA + JMcons · δAM ) . (3.2)
Since the full partition functionW should be symmetry invariant, we can read out the symmetry
covariant, covariant currents in the boundary,
TMA = TMAcons +T
MA
BZ , Σ
MAB = ΣMABcons +Σ
MAB
BZ , J
M = JMcons + J
M
BZ. (3.3)
Demanding W to be invariant under all symmetries of the theory, we will get the anomalous
Ward identities for these currents,
∇MTMN = TANMTMA +RNMABΣMBA + FNM · JM +T⊥HN ,
∇MΣMAB = T [BA] +Σ⊥ABH ,
∇MJM = J⊥H. (3.4)
We verify that the bulk Hall currents source anomaly in the boundary theory. On the other
hand Hall currents themselves must satisfy the non-anomalous Ward identities eqn. (2.13) in
the bulk, which would be trivial if WB is chosen properly. Now depending on the field content
of the theory one would have to construct the most generic allowed WB and read out from
there the Hall currents. This would determine the most generic anomalies that can occur in the
respective theory which can be modeled using anomaly inflow. In notation of differential forms
WB is given by integration of a full rank form I
(d+3),
WB =
∫
B(d+3)
I(d+3). (3.5)
Requirement that its variation should be symmetry invariant up to a boundary term can be
recasted into the requirement that P(d+4) = dI(d+3) should be symmetry invariant. P(d+4) is
called the anomaly polynomial, which encodes all the non-trivial information about anomaly. It
is evident that P(d+4) needs to be closed, symmetry invariant, and should not be expressible as
exterior derivative of a symmetry invariant form. For example on usual backgrounds (not null),
P(2n+4) is given by the Chern-Simons anomaly polynomial P
(2n+4)
CS for even dimensional bound-
ary theories, and no such term is possible in odd dimensions. P
(2n+4)
CS is a ‘polynomial’ made
out of Chern classes of F and Pontryagin classes of R. Look e.g. [46] for more details.
3.2 Anomaly Inflow on Null/Newton-Cartan Backgrounds
Now we come back to our case of interest – null backgrounds. Above procedure goes more or
less through, except that bulk B(d+3) is now required to possess a compatible null isometry ψV ,
which translates itself to a compatible null isometry on the boundary M(d+2) since all the ⊥
components vanish. Variation of WB in eqn. (3.1) remains unchanged under a ψV compatible
variation, except all the currents now follow redefinitions specified in eqns. (2.17) and (2.20).
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Consequently we can find the anomalous Ward identities for null backgrounds,
∇MTMN = TANMTMA +RNMABΣMBA + FNM · JM +T⊥HN ,
∇MΣMAB = T [BA] +Σ⊥ABH +#[AV B],
∇MJM = J⊥H, (3.6)
for some #M . These are same as non-null identities except that just like non-anomalous case
some components of spin current conservation have been discarded using spin current redef-
inition eqn. (2.20). Physical components of these laws can be expressed after reduction as
anomalous Galilean conservation laws,
Mass Cons. (Continuity): ∇µρµ = ρ⊥H,
Energy Cons. (Time Translation): ∇µǫµ = [power]− pµacµa + ε⊥H,
Momentum Cons. (Translations): ∇µpµa = [force]a − ρµcµa + p⊥Ha,
Temporal Spin Cons. (Galilean Boosts): ∇µτµa =
1
2
(ρa − pa) + τ⊥aH ,
Spatial Spin Cons. (Rotations): ∇µσµab = p[ba] + 2τµ[ac b]µ + σ⊥abH ,
Charge Cons. (Gauge Transformations): ∇µjµ = j⊥H, (3.7)
where we have decomposed the Hall currents as,
T⊥HA =
(−ρ⊥H −ε⊥H p⊥Ha) , J⊥H = j⊥H, Σ⊥ABH =

0 × ×× 0 τ⊥bH
× −τ⊥aH σ⊥abH

 . (3.8)
We hence see that in principle anomaly inflow can destroy all the conservation laws. It is now
the form of P(d+4) which will determine how many of these anomalies are permissible and in
what dimensions.
On even dimensional (d = 2n) null backgrounds the allowed anomaly polynomial takes the
usual Chern-Simons structure of relativistic theories P(2n+4) = P
(2n+4)
CS which is made up of
Chern classes of F and Pontryagin classes of R. Note however that neither of F ,R have a leg
along V , hence P
(2n+4)
CS is identically zero. The corresponding ICS might still have a leg along
V since ιVA, ιVC
A
B 6= 0 for a general null theory. But one can check that the corresponding
⊥ components of (dual) Hall currents again have no leg along V and hence the Ward identities
become non-anomalous. This suggests that we cannot get anomalies in an even dimensional
null theory, and hence odd dimensional Galilean theories are anomaly free.
At this point we would like to point out some subtle differences from the analysis of [37]. In
the cited reference author does not impose compatibility of the isometry, and hence F , R does
have a leg along V . This results in anomalous conservation laws that crucially depend on ν(V ),
[νΣ(V )]
A
B – additional fields which are otherwise switched off by compatibility. As we mentioned
in the introduction, we have chosen to switch off these fields as they serve as a ‘mass source’ in
the Galilean theory, and we do not see these sources in non-relativistic theories that occur in
nature.
Now we shift our attention to the more interesting case of odd dimensional (d = 2n − 1) null
backgrounds. One can check that with the field content at hand, it is not possible to naively
construct an anomaly polynomial. Following [2] however, we note that we can remedy this
problem by introducing auxiliary time data ψT that was used to perform null reduction in § 2.3.
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Using the corresponding V¯(T ) defined in eqn. (2.23), we can write the only allowed anomaly
polynomial,
P(2n+3) = V¯ (T ) ∧P(2n+2)CS , (3.9)
where V¯ (T ) = V¯(T )Mdx
M . Although this expression has an explicit dependence on ψT , one can
show that it is invariant under any arbitrary redefinition of ψT . This follows from the fact that
change in V¯(T )M does not have any leg along V , due to normalization property δ(V¯(T )MV
M) =
V MδV¯(T )M = 0. For this reason we drop the subscript (T ) from V¯(T ) this point onward. Readers
should convince themselves that there are no more terms which can be written in the anomaly
polynomial. However, we have a problem; anomaly polynomial eqn. (3.9) is not exact,
P(2n+3) = −d
(
V¯ ∧ I(2n+1)CS
)
+ dV¯ ∧ I(2n+1)CS . (3.10)
Hence for I(2n+2) to be well defined, the second term must vanish. In general however it does
not as I
(2n+1)
CS does have a leg along V . It hence forces us to choose transverse gauge for the
null isometry generated ψV , i.e.,
Λ(V ) = [ΛΣ(V )]
A
B = 0, (3.11)
which ensures I
(2n+1)
CS does not have any leg along V . Some comments are due; different choices
of ψV represent different null theories, as we are not allowed to perform transformations which
alter these (we demanded the partition function to be invariant under ψV preserving transfor-
mations). Hence the statement is that not all such null theories can be anomalous; only null
theories with transverse null isometry can exhibit anomalies. Note that in conventional null
reduction, one generally chooses ψV = {∂∼, 0, 0} which by definition satisfies the transversality
requirement. Modulo this subtlety we can find,
I(2n+2) = −V¯ ∧ I(2n+1)CS . (3.12)
Computing its variation one can findHall and Bardeen-Zumino currents defined in eqn. (3.1),
TM¯A¯H = 0, ⋆(2n+2)Σ
A¯B¯
H = V¯ ∧
∂P
(2n+2)
CS
∂RB¯A¯
, ⋆(2n+2)JH = V¯ ∧
∂P
(2n+2)
CS
∂F
,
TMABZ = 0, ⋆Σ
AB
BZ = V¯ ∧
∂I
(2n+1)
CS
∂RBA
, ⋆JBZ = −V¯ ∧
∂I
(2n+1)
CS
∂F
. (3.13)
We verify that T M¯A¯H , T
MA
BZ vanish. It immediately follows that mass, energy and momentum
conservation are non-anomalous. Also the (Milne) boost Ward identity stays non-anomalous
as matrix indices of ΣMABH comes from R
A
B which have a zero contraction along V . Again this
follows from compatibility of isometry, and is not true for considerations of [37], which is why
they find a Milne anomaly. These statements can be recasted as,
ρ⊥H = ε
⊥
H = p
⊥a
H = τ
⊥a
H = 0, (3.14)
which follows directly from null reduction. The only laws that get anomalous are hence spin and
charge conservation. Explicit expressions for their Hall currents follow from reduction,
j⊥H = − ∗↑
[
∂p(2n+2)
∂F
]
, σ⊥abH = − ∗↑
[
∂p(2n+2)
∂Rba
]
. (3.15)
Here we have formally denoted P
(2n+2)
CS as p
(2n+2) after reduction; the distinction is purely
notational. ∗↑ is the Hodge dual associated with raised Newton-Cartan volume element ε↑; look
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appendix (C) for more details. Putting back eqns. (3.14) and (3.15) into eqn. (2.36) we can get
the anomalous Ward identities for Galilean theories.
Before closing this section, we would like to make some due comments on even dimensional case.
One might worry that we can use ψT to define anomalies in even dimensions as well. However
one can check that only possible symmetry-covariant anomaly polynomial we can write involving
ψT is,
P(2n+4) = V ∧ V¯ ∧P(2n+2)CS , (3.16)
where V = VMdx
M . This anomaly polynomial is however not an exact form,
P (2n+4) = d
(
V ∧ V¯ ∧ I(2n+1)CS
)
−H ∧ V¯ ∧ I(2n+1)CS + V ∧ dV¯ ∧ I(2n+1)CS . (3.17)
The last term can be removed just like before by going to transverse gauge, but the second
last term cannot. We hence see that the current formalism does not allow for anomalous even
dimensional null theories. From this point onward we will assume our null background to be
odd dimensional, and hence set d = 2n − 1.
With this we conclude our discussion on generic anomalous Galilean theories. Using the con-
struction of null backgrounds, we have found a set of conservation laws which determine the
dynamics of these theories in terms of a set of currents. These laws have already been well
explored in literature, but the fact that they follow by trivially choosing a basis in a higher
dimensional null theory is to be appreciated. Going along lines of [4], it appears to us that null
backgrounds are the true ‘covariant’ and ‘frame independent’ formalism of Galilean physics,
which appear pretty natural from a 5 dimensional perspective. We refer the reader to ap-
pendix (B) for more comments on these issues.
All of the results presented here are in Newton-Cartan notation, which is the natural covariant
prescription for Galilean physics. In appendix (A) we present some of our results in conventional
non-covariant notation, for the benefit of readers who are not comfortable with the Newton-
Cartan language. Even otherwise, seeing the results in non-covariant form might help us relate
it better to day to day physics, where we are used to viewing time and space separately.
4 | Anomalous Galilean Hydrodynamics
In previous sections we have obtained the anomalous conservation laws for a null/Galilean the-
ory with non-zero spin current. Here we want to study these theories in hydrodynamic limit –
near equilibrium effective description of any quantum system. Before going to that let us make
some general comments about hydrodynamics on Einstein-Cartan backgrounds. We start by
picking up a collection of hydrodynamic fields which can be exactly solved for using the equa-
tions of motion of the theory. Since there is an equation of motion for each symmetry data, we
choose hydrodynamic fields to be a set of symmetry data17 ψU = {UM , [ΛΣ]AB,Λ}. The fluid
(hydrodynamic system) is characterized by conserved currents TMA, ΣMAB, JM written as the
most generic tensors made out of hydrodynamic fields ψU and background sources E
A
M , C
A
MB,
AM , arranged in a derivative expansion. These are known as constitutive relations of the fluid.
Near equilibrium assumption of hydrodynamics implies that derivatives of quantities are small
compared to quantities themselves, which allows for proper truncation of the derivative expan-
sion as dictated by the cause. Dynamics of these constitutive relations in turn is governed by the
17We drop the subscript (U) for ψU and hope that it will be clear by context.
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conservation laws eqn. (3.4). These constitutive relations are further subjected to the second
law of thermodynamics, i.e. the requirement of an entropy current SM such that ∇MSM ≥ 0,
whenever equations of motion are satisfied. This requirement imposes various constraints on
the constitutive relations, and the job of hydrodynamics is to monitor these constraints. Hav-
ing done so, one can in principle plug these constitutive relations back into the equations of
motion and solve for exact ‘configurations’ of hydrodynamic fields, which is not in the scope of
hydrodynamics. A nice and modern review of relativistic hydrodynamics can be found in §1 of
[41].
Another notion which is inherent to any statistical system is equilibrium. Equilibrium is the
steady state of hydrodynamics, when the fluid has come in terms with the background and has
aligned itself accordingly. In this state, the fluid can be described by a partition function W eqb
written purely in terms of background data, and equations of motion are trivially satisfied.
Equilibrium is generally defined by a collection of symmetry data ψK = {KM , [ΛΣ(K)]AB,Λ(K)}
which acts as an isometry on the background. For our constitutive relations to be physical,
we will need to ensure that on introducing ψK they trivially satisfy the equations of motion
eqn. (3.4).
Please note that ψU is a set of variables we have picked up to solve the system; like in any field
theory we could do an arbitrary field redefinition of ψU without changing the physics. This is
known as hydrodynamic redefinition freedom. By convention ψU is defined to agree with ψK in
equilibrium at zero derivative order (this goes into definition of fluid velocity, temperature and
chemical potential in equilibrium), which fixes a huge amount of this freedom. Further fixing
of this freedom can be dealt in various different ways, which takes the name of hydrodynamic
frames (find more thorough discussion on these frames for null fluids in [2]). Here we would
work in the so called equilibrium frame where ψU = ψK exactly in equilibrium, not just at
zero derivative order. Note that this does not fix the freedom completely, we can still perturb
this relation with anything that vanishes in equilibrium. For now we conclude that on setting
ψU = ψK i.e. on promoting ψU to an isometry, the constitutive relations should identically
satisfy the equations of motion.
It was noted in [3] for relativistic fluids that it is helpful to remove the clause ‘whenever equations
of motion are satisfied’ from the second law requirement and upgrade it to an off-shell statement
[47], which for us will read,
∇MSM + UN (∇MTMN −TANMTMA −RNMABΣMBA − FNM · JM)
+ [νΣ]BA
(
∇MΣMAB − T [BA] − Σ⊥ABH
)
+ ν ·
(
∇MJM − J⊥H
)
≥ 0. (4.1)
This statement is slightly different from what was considered for torsionless case in [3], but we
verify its equivalence with theirs in appendix (D).
Now we come back to null fluids – fluids on null backgrounds. On null backgrounds, hydro-
dynamic data ψU needs to be compatible with ψV , i.e. [ψV , ψU ] = 0 and [νΣ]
A
BV
B = 0. This
makes sense because (1) resulting constitutive relations must follow the null isometry, (2) not all
components of the spin conservation in eqn. (3.6) are physical. Further, constitutive relations
are allowed to depend on ψV as well. One can check that upon making these tweaks, off-shell
second law eqn. (4.1) remains unchanged. We can now go back and study the most generic
constitutive relations for null fluids, which has been thoroughly considered in [2] for a charged
spinless torsionless null fluid with U(1) anomalies up to leading order in derivatives. In this
work however, we are only interested in the sector of hydrodynamics that is governed and is
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completely determined by the anomalies18. To accomplish this task in relativistic fluids, [38]
(see also [48]) proposed a mechanism based on transgression forms, which allows us to ‘integrate’
the anomalous equations of motion eqn. (3.4) and directly figure out the anomalous contribution
to constitutive relations. We will attempt to extend this construction to null fluids.
4.1 Anomalous Null Fluids
We start by defining hydrodynamic shadow gauge field and spin connection,
Aˆ = A+ µV , CˆAB = C
A
B + [µΣ]
A
BV , (4.2)
where µ, [µΣ]
A
B are gauge and spin chemical potentials associated with ψU defined in eqn. (2.22).
One can check that both ψU , ψV are compatible with this new gauge field and spin connection,
i.e.,
νˆ = UMAˆM + Λ = 0, [νˆΣ]
A
B = U
M CˆAMB + [ΛΣ]
A
B = 0,
νˆ(V ) = V
MAˆM = 0, [νˆΣ(V )]
A
B = V
M CˆAMB = 0. (4.3)
Recall that we have chosen Λ(V ) = [ΛΣ(V )]
A
B = 0 to be able to define anomalies. We define the
operation (ˆ ) as µˆ = µ
(
A→ Aˆ,CAB → CˆAB
)
. One can check that the hatted field strengths
also follow the null background conditions eqns. (2.14) and (2.15). We would like to import
one result from transgression machinery without proof (see §11 of [49] for more details), which
implies that,
I
(2n+1)
CS − Iˆ
(2n+1)
CS = V
(2n+1)
PCS
+ dV
(2n)
ICS
, (4.4)
where,
V
(2n+1)
PCS
=
V
H
∧
(
P
(2n+2)
CS − Pˆ
(2n+2)
CS
)
, V
(2n)
ICS
=
V
H
∧
(
I
(2n+1)
CS − Iˆ
(2n+1)
CS
)
. (4.5)
One can check that these quantities are well defined. We argue that fluid in equilibrium con-
figuration can be described by a (bulk + boundary) partition function W eqb = WeqbB +W eqbM
which has been discussed in preceding sections. Away from equilibrium however, the system is
described by an effective action S = SB + SM which boils down to Weqb is equilibrium. We
claim that appropriate SB to generate anomalous sector of null hydrodynamics is
19,
SB =WB +
∫
B(2n+2)
V¯ ∧ Iˆ(2n+1)CS = −
∫
B(2n+2)
V¯ ∧
(
I
(2n+1)
CS − Iˆ
(2n+1)
CS
)
. (4.6)
In equilibrium (ψU = ψK) and on choosing transverse gauge for ψK (Λ(K) = [ΛΣ(K)]
A
B = 0) the
added piece vanishes, as it does not have any leg along V , and we will recover the equilibrium
partition function. Using eqn. (4.4) we can decompose SB as,
SB =
∫
B(2n+2)
V
(2n+2)
P
+
∫
M(2n+2)
V
(2n+1)
I
, (4.7)
18In relativistic hydrodynamics it is known [46] that there are certain coefficients which appear as independent
constants in naive derivative expansion, but can be fixed in terms of anomaly coefficients appearing at higher
derivative orders by demanding consistency of euclidean vacuum. Similar constants have also showed up for
Galilean fluids in [2, 19], but their connection to anomaly is not yet clear. Here however we do not consider these
contributions.
19It was argued by [50] that while this effective action is appropriate to give solutions to the off-shell second
law of thermodynamics, minimization of this action with respect to dynamic fields does not give the correct
dynamics. To get the correct dynamics we need to further modify this action in Schwinger-Keldysh formalism,
which we do not touch upon here.
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where we have identified,
V
(2n+2)
P
=
V
H
∧
(
P (2n+3) − Pˆ(2n+3)
)
= −V¯ ∧ V
H
∧
(
P
(2n+2)
CS − Pˆ
(2n+2)
CS
)
,
V
(2n+1)
I
=
V
H
∧
(
I(2n+2) − Iˆ(2n+2)
)
= V¯ ∧ V
H
∧
(
I
(2n+1)
CS − Iˆ
(2n+1)
CS
)
. (4.8)
The bulk term in eqn. (4.7) is manifestly symmetry invariant, and full S is symmetry invariant by
definition, hence if we decompose SM = Sn-a+SM,anom with first piece being totally symmetry
invariant we can infer,
SM,anom = −
∫
B(2n+2)
V¯ ∧ Iˆ(2n+1)CS . (4.9)
SM,anom will generate anomalous sector of consistent currents. On the other hand for full
effective action we will be left with S = Sanom + Sn-a where,
Sanom =
∫
B(2n+2)
V
(2n+2)
P
. (4.10)
Sanom will generate anomalous sector of covariant currents.
Constitutive Relations: In light of our discussion above, we should be able to generate
anomalous sector of covariant currents by varying Sanom. We will get,
δSanom =
∫
B(2n+2)
(
δA ∧ · ⋆(2n+2) JH − δAˆ ∧ · ⋆(2n+2) JˆH
+ δCA¯B¯ ∧ ⋆(2n+2)ΣHB¯A¯ − δCˆ
A¯
B¯ ∧ ⋆(2n+2)ΣˆHB¯A¯
)
+
∫
M(2n+1)
(δA ∧ · ⋆ JP + δCAB ∧ ⋆ΣPBA + δV ∧ ⋆EP) , (4.11)
where we have defined,
⋆EP =
∂V
(2n+2)
P
∂H
=
V
H∧2
∧
[
Pˆ
(2n+3) −P(2n+3) −H ∧ ⋆(2n+2)
(
µ · JˆH + [µΣ]ABΣˆHBA
)]
,
⋆ΣP
A
B =
∂V
(2n+2)
P
∂RBA
=
V
H
∧ ⋆(2n+2)
(
ΣH
A
B − ΣˆHAB
)
,
⋆JP =
∂V
(2n+2)
P
∂F
=
V
H
∧ ⋆(2n+2)
(
JH − JˆH
)
, (4.12)
and Hall currents have been defined in eqn. (3.13). Since Sanom is invariant under symmetries
by construction, we can find a set of Bianchi identities these currents must follow,
∇M(TMN)A = TANM(TMA)A +RNMAB(ΣMBA)A + FNM (JM)A − VN
(
µ · Jˆ⊥H + [µΣ]ABΣˆ⊥BAH
)
,
∇M(ΣMAB)A = (T [BA])A +Σ⊥ABH − Σˆ⊥ABH +#[AV B],
∇M(JM)A = J⊥H − Jˆ⊥H, (4.13)
where we have defined anomalous ‘class’ of constitutive relations,
(TMA)A = E
M
PV
A, (ΣMAB)A = Σ
MAB
P , (J
M)A = J
M
P . (4.14)
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One can check that on plugging in ψU = ψK , hatted Hall currents vanish as they do not have
any leg along K and V simultaneously. Consequently the Bianchi identities eqn. (4.13) reduce to
equations of motion eqn. (3.6); in other words the currents (TMA)A, (Σ
MAB)A, (J
M)A identically
satisfy the equations of motion in equilibrium configuration, as required.
We would like to remind the reader that V¯ was added as an arbitrary choice of frame and
anomaly polynomial was invariant under ψT redefinition which shifts V¯ . The currents we have
constructed should then also be invariant under ψT redefinition. One can check that under a
ψT -redefinition currents in eqn. (4.12) shift by a closed form. By definition currents always have
this ambiguity, hence we do not change the physics. In hydrodynamics most natural choice of
ψT to define anomalies is ψU .
Adiabaticity and Entropy Current: To claim that the currents we have constructed are
physical, we must find a (SM)A which satisfies the off-shell second law eqn. (4.1). Anomalous
sector is bound to be parity violating, implying that no scalar expression can be ensured positive
definite. This turns eqn. (4.1) into a more stringent condition,
∇M(SM)A + UN
[
∇M(TMN)A − TANM(TMA)A −RNMAB(ΣMBA)A − FNM · (JM)A
]
+ [νΣ]BA
[
∇M(ΣMAB)A − (T [BA])A − Σ⊥ABH
]
+ ν ·
(
∇M(JM)A − J⊥H
)
≥ 0, (4.15)
known as adiabaticity equation [40]. Directly putting the constitutive relations into this expres-
sion we can get,
∇M(SM)A = 0. (4.16)
Hence it suffices to choose an identically zero anomaly induced entropy current (SM)A = 0, to
satisfy the adiabaticity equation. We would like to comment here that vanishing of anomaly
induced entropy current does not rely on background being null; it is equally true for usual
Einstein-Cartan backgrounds as well. See appendix (D) for more comments on the relativistic
entropy current.
Equilibrium Partition Function: In the beginning of this section we argued that at equilib-
rium, fluid can be described by a partition function written purely in terms of background data.
We would now attempt to find such an equilibrium partition function. We start by computing
the variation of boundary effective action SM,anom given in eqn. (4.9),
δSM,anom =
∫
{dxM}
√
|G|
[
(TMA)AδEAM+{(ΣMAB)A − ΣMABBZ } δCBMA+{(JM)A − JMBZ}·δAM
]
+
∫ {
dxM
}√|G|[ΣˆMABBZ δCˆBMA + JˆMBZ · δAˆM
]
. (4.17)
In equilibrium choosing transverse gauge for ψK , i.e. Λ(K) = [ΛΣ(K)]
A
B = 0, the terms in last
line vanish. Hence we can define the equilibrium boundary partition function,
W eqbM,anom = SM,anom
∣∣∣∣
ψU=ψK
= −
∫
M(2n+1)
V
H
∧
(
I(2n+2) − Iˆ(2n+2)
) ∣∣∣∣
ψU=ψK
. (4.18)
Putting it together with WB, we can get the equilibrium partition function for the full theory.
In practice however, if one knows the expressions for Bardeen-Zumino currents, it suffices to
have the boundary partition function to generate the covariant currents.
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4.2 Null Reduction – Anomalous Galilean Fluids
Having obtained the constitutive relations for anomalous null fluids, it is now time to per-
form null reduction and extract out the Galilean results. To see this we can directly breakup
the anomaly induced constitutive relations (TMA)A, (Σ
MAB)A, (J
M)A into the basis given in
eqn. (2.34). A straight away computation will yield trivial identifications,
(ρµ)A = 0, (p
µa)A = 0, (τ
µa)A = 0, (s
µ)A = 0,
(ǫµ)A = E
µ
P
, (σµab)A = Σ
µab
P
, (jµ)A = J
µ
P
. (4.19)
We have also included an entropy current (sµ)A = (S
µ)A here which of-course is trivially zero.
For the record we would write down the off-shell second law of thermodynamics for Galilean
fluids,
∇µsµ + νM ∇µρµ −
1
ϑ
(
∇µǫµ − [power] + pµacµa
)
+
1
ϑ
ua
(
∇µpµa − [force]a + ρµcµa
)
+ [ντ ]a
(
∇µτµa −
1
2
(ρa − pa)
)
+ [νσ]ba
(
∇µσµab − p[ba] − 2τµ[ac b]µ − σ⊥abH
)
+ ν ·
(
∇µjµ − j⊥H
)
≥ 0, (4.20)
where uµ = V¯ µ(U) (defined in eqn. (2.23)) and u
a = eaµu
µ is the spatial velocity of the fluid.
ϑ is the temperature, νM = ̟ − 12ϑuaua is the total mass chemical potential, ̟ is the mass
chemical potential, [ντ ]a = [νΣ]
−
a is the boost chemical potential, [νσ]
a
b = [νΣ]
a
b is the spatial
spin chemical potential, and ν is the gauge chemical potential associated with fluid data ψU
(find respective definitions in eqns. (2.9) and (2.21)). This expression will hugely simplify if we
choose ψT = ψU , i.e. choose to describe fluid in its local rest frame, because then u
a = 0,
∇µsµ +̟ ∇µρµ −
1
ϑ
(
∇µǫµ − [power] + pµacµa
)
+ [ντ ]a
(
∇µτµa −
1
2
(ρa − pa)
)
+ [νσ]ba
(
∇µσµab − p[ba] − 2τµ[ac b]µ − σ⊥abH
)
+ ν ·
(
∇µjµ − j⊥H
)
≥ 0. (4.21)
It should be apparent that on putting in equations of motion it simply gives the second law of
thermodynamics, ∇µsµ ≥ 0. If one does not prefer to do reduction to get (ǫµ)A, (jµ)A, (σµab)A,
these can be generated directly from the Newton-Cartan transgression form,
V
(2n+1)
p = −
n
H
∧
(
p(2n+2) − pˆ(2n+2)
)
, (4.22)
where p(2n+2) is the NC anomaly polynomial defined at the end of § 3.2, and hatted fields
are,
Aˆ = A− µn, Cˆab = Cab − [µσ]abn. (4.23)
In terms of these anomaly induced constitutive relations can be generated as,
(jµ)A = ∗↑
[
∂V
(2n+1)
p
∂F
]µ
, (σµab)A = ∗↑
[
∂V
(2n+1)
p
∂Rba
]µ
, (ǫµ)A = ∗↑
[
∂V
(2n+1)
p
∂H
]µ
. (4.24)
To write the equilibrium partition function in Newton-Cartan language we can use the natural
time-data in equilibrium ψT = ψK = ψU . Hence using eqn. (4.18) we can find,
W eqbanom = −
∫
MK
(2n)
n
H
∧
(
i(2n+1) − iˆ(2n+1)
) ∣∣∣∣
ψU=ψK
, (4.25)
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where di(2n+1) = p(2n+2); i(2n+1) is just I
(2n+1)
CS after reduction. Please refer appendix (C) for
conventions on reducing the integral.
This concludes the main abstract results of this work. We have been able to construct gauge and
gravitational anomalies in Galilean theories, and find their effect on Galilean hydrodynamics.
We explicitly constructed the sector of fluid constitutive relations that is totally determined in
terms of anomalies. These constitutive relations obey second law of thermodynamics with a
trivially zero entropy current. We also found the equilibrium partition function which generates
these constitutive relations in equilibrium configuration.
5 | Examples
The entire discussion of this work till now has been very abstract. We will now try to illustrate
it with few examples. In the following we will only discuss the case of abelian gauge field for
simplicity. In § 5.1 we start with a thorough walkthrough example for 3 dimensional null theories
(2 dimensional Galilean theories), where we perform each and every step as was done in the
main work. We hope it will help the reader to understand the procedure more transparently.
Later in § 5.2 we present the results for arbitrary dimensional case up to next to leading order
in derivatives.
5.1 Walkthrough – 2 Spatial Dimensions
Let us go step by step for the case of 3 dimensional null backgrounds. The corresponding 5
dimensional anomaly polynomial contains squared F and R,
P(5) = V¯ ∧
(
C(2)F ∧2 + C(2)g R
A¯
B¯ ∧RB¯A¯
)
, (5.1)
from where we can read out the expression for I(4),
I(4) = −V¯ ∧
[
C(2)A ∧ F + C(2)g
(
CA¯B¯ ∧RB¯A¯ −
1
3
CA¯B¯ ∧CB¯C¯ ∧CC¯A¯
)]
. (5.2)
From here we can define the bulk partition function WB =
∫
B(4)
I(4), and compute its variation
(see eqn. (3.5)),
δWB =
∫
B(4)
2
(
C(2)δA ∧ V¯ ∧ F + C(2)g δCA¯B¯ ∧ V¯ ∧RB¯A¯
)
−
∫
M(3)
(
C(2)δA ∧ V¯ ∧A+ C(2)g δCAB ∧ V¯ ∧CBA
)
. (5.3)
Now using eqn. (3.1) or eqn. (3.13), we can find the Hall and Bardeen-Zumino currents,
⋆(4)JH =
∂P (5)
∂F
= 2C(2)V¯ ∧ F ⇒ JM¯H = C(2)ǫN¯R¯S¯M¯ V¯N¯FR¯S¯ ,
⋆(4)Σ
A¯B¯
H =
∂P(5)
∂RB¯A¯
= 2C(2)g V¯ ∧RA¯B¯ ⇒ ΣM¯A¯B¯H = C(2)g ǫN¯R¯S¯M¯ V¯N¯RR¯S¯A¯B¯,
⋆JBZ =
∂I(4)
∂F
= −C(2)V¯ ∧A ⇒ JMBZ = C(2)ǫNRM V¯NAR,
⋆ΣABBZ =
∂I(4)
∂RBA
= −C(2)g V¯ ∧CAB ⇒ ΣMABBZ = C(2)g ǫNRM V¯NCA BR . (5.4)
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The anomalous sources in eqn. (3.6) are hence given as,
Σ⊥ABH = −C(2)g ǫMRSV¯MRRSAB, J⊥H = −C(2)ǫMNRV¯MFNR. (5.5)
Here we have defined the volume element of the boundary manifold as ǫ⊥MNR = ǫMNR. After null
reduction we can trivially read out anomalous sources for NC conservation laws eqn. (3.7),
σ⊥abH = −C(2)g εµν↑ Rµνab, j⊥H = −2C(2)εµν↑ Fµν . (5.6)
Hydrodynamics: We want to generate fluid constitutive relations which are compatible with
anomalies described above. As described in the main text, it can be done using a transgression
form eqn. (4.8),
V
(4)
P
=
V
H
∧
(
P (5) − Pˆ (5)
)
= −V ∧ V¯ ∧
[
2C(2)µF + 2C(2)g [µΣ]
A¯
B¯R
B¯
A¯ +
(
C(2)µ2 +C(2)g [µΣ]
A¯
B¯[µΣ]
B¯
A¯
)
H
]
. (5.7)
From its derivatives we can find various currents defined in eqn. (4.12),
⋆JP = −2C(2)µV ∧ V¯ ⇒ JMP = 2C(2)µǫRSMVRV¯S,
⋆ΣABP = −2C(2)g [µΣ]ABV ∧ V¯ ⇒ ΣMABP = 2C(2)g [µΣ]ABǫRSMVRV¯S,
⋆EP = −
(
C(2)µ2 + C(2)g [µΣ]
A
B[µΣ]
B
A
)
V ∧ V¯ ⇒ EMP =
(
C(2)µ2 + C(2)g [µΣ]
A
B[µΣ]
B
A
)
ǫRSMVRV¯S.
(5.8)
Using eqn. (4.14) we can trivially get the anomalous sector of constitutive relations from here.
These constitutive relations satisfy the adiabaticity equation eqn. (4.15) with zero entropy cur-
rent, and at equilibrium also satisfy the anomalous equations of motion eqn. (3.6). Upon null
reduction we can get the anomalous contribution to Galilean constitutive relations from here;
the only surviving quantities are,
(ǫµ)A =
(
C(2)µ2 + C(2)g [µσ]
a
b[µσ]
b
a
)
ενµ↑ nν ,
(σµab)A = 2C
(2)
g [µσ]
abενµ↑ nν, (j
µ)A = 2C
(2)µενµ↑ nν. (5.9)
Finally we can write an equilibrium partition function W eqbanom which generates these currents in
equilibrium configuration. Using eqn. (4.18) we can directly find,
W eqbanom = −
∫
M(3)
V
H
∧
(
I(4) − Iˆ(4)
)
,
= −
∫
M(3)
V ∧ V¯ ∧
(
C(2)µA+ C(2)g [µΣ]
A
BC
B
A
)
,
=
∫
d3x
√
|G| ǫMNRVM V¯N
(
C(2)µAR + C
(2)
g [µΣ]
A
BC
B
RA
)
. (5.10)
Same can be written in NC language,
W eqbanom =
∫
M(2)
n ∧
(
C(2)µA+ C(2)g [µσ]
a
bC
b
a
)
,
=
∫
d3x
√
|γ| εµν↑ nµ
(
C(2)µAν + C
(2)
g [µσ]
a
bC
b
νa
)
. (5.11)
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5.2 Arbitrary Even Spatial Dimensions up to Subsubleading Order
Before proceeding with this example we should clarify the usage of ‘subsubleading’ or ‘second
non-trivial’ derivative order for null/Galilean fluids derived from relativistic fluids in [51]. One
can check that in partition function or constitutive relations of a (2n+1)-dim null fluid, first non-
trivial contribution from parity odd-sector comes at (n−1) derivatives, which is generally known
as ‘leading parity-odd derivative order’. Correspondingly n derivatives are called subleading
while (n + 1) derivatives are called subsubleading. It is also trivial to check that anomaly
polynomial always has two more derivatives that the partition function or constitutive relations.
In anomalous sector one can check that first non-trivial contribution comes at leading order
(gauge anomaly) while no contribution comes at subleading order. Hence ‘second non-trivial
correction’ comes at subsubleading order.
Coming back, one can check that up to subsubleading order P(2n+3) and I(2n+2) (for n > 1)
are given as,
P(2n+3) = V¯ ∧
(
C(2n)F ∧(n+1) + C(2n)g F
∧(n−1) ∧RA¯B¯ ∧RB¯A¯
)
,
I(2n+2) = −V¯ ∧A ∧
(
C(2n)F ∧n + C(2n)g F
∧(n−2) ∧RA¯B¯ ∧RB¯A¯
)
. (5.12)
It would be worth noting that contribution from anomalies terminate at subsubleading order in
3 spatial dimensions (d = 3, n = 2), hence these expressions are exact for n = 2. From here we
can get the Hall currents,
Σ⊥ABH = −2C(2n)g ⋆
[
V¯ ∧ F ∧(n−1) ∧RAB
]
,
J⊥H = −(n+ 1)C(2n) ⋆
[
V¯ ∧ F ∧n]− (n− 1)C(2n)g ⋆ [V¯ ∧ F ∧(n−2) ∧RAB ∧RBA] , (5.13)
that provide anomalies in eqn. (3.6). The results can be trivially transformed to Newton-Cartan
language,
σ⊥abH = −2C(2n)g ∗↑
[
F ∧(n−1) ∧Rab
]
,
j⊥H = −(n+ 1)C(2n) ∗↑
[
F ∧n
]− (n − 1)C(2n)g ∗↑ [F ∧(n−2) ∧Rab ∧Rba] , (5.14)
which provide anomalies in eqn. (3.7).
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Hydrodynamics: Using the anomaly polynomial one can find the constitutive relations for
the anomalous sector of hydrodynamics,
JMP = (n+ 1)C
(2n)
n∑
m=1
nCmµ
m ⋆
[
V ∧ V¯ ∧ F ∧(n−m) ∧H∧(m−1)
]M
+ (n− 1)C(2n)g
{
n−2∑
m=1
n−2Cmµ
m ⋆
[
V ∧ V¯ ∧ F ∧(n−2−m) ∧RAB ∧RBA ∧H∧(m−1)
]M
+
n−2∑
m=0
n−2Cmµ
m[µΣ]
A
B ⋆
[
V ∧ V¯ ∧ F ∧(n−2−m) ∧ (2RBA + [µΣ]BAH) ∧H∧m
]M}
,
ΣMABP = 2C
(2n)
g
{
n−1∑
m=1
n−1Cmµ
m ⋆
[
V ∧ V¯ ∧ F ∧(n−1−m) ∧RAB ∧H∧(m−1)
]M
+
n−1∑
m=0
n−1Cmµ
m[µΣ]
AB ⋆
[
V ∧ V¯ ∧ F ∧(n−1−m) ∧H∧m
]M}
,
EMP =
n−1∑
m=0
µm
(
n+1Cm+2C
(2n)µ2 + n−1CmC
(2n)
g [µΣ]
A
B[µΣ]
B
A
)
⋆
[
V ∧ V¯ ∧ F ∧(n−1−m) ∧H∧m
]M
+ C(2n)g
{
n−1∑
m=2
n−1Cmµ
m ⋆
[
V ∧ V¯ ∧ F ∧(n−1−m) ∧RAB ∧RBA ∧H∧(m−2)
]M
+2
n−1∑
m=1
n−1Cmµ
m[µΣ]
A
B ⋆
[
V ∧ V¯ ∧ F ∧(n−1−m) ∧RBA ∧H∧(m−1)
]M}
. (5.15)
Anomalous sector of constitutive relations in terms of these are given by eqn. (4.14), while the
entropy current is zero. Again by a trivial choice of basis these results can be transformed to
Newton-Cartan basis; only non-zero constitutive relations are,
(jµ)A = (n+ 1)C
(2n)
n∑
m=1
nCmµ
m ∗↑
[
n ∧ F ∧(n−m) ∧H∧(m−1)
]µ
+ (n− 1)C(2n)g
{
n−2∑
m=1
n−2Cmµ
m ∗↑
[
n ∧ F ∧(n−2−m) ∧Rab ∧Rba ∧H∧(m−1)
]µ
+
n−2∑
m=0
n−2Cmµ
m[µσ]
a
b ∗↑
[
n ∧ F ∧(n−2−m) ∧
(
2Rba + [µσ]
b
aH
)
∧H∧m
]µ}
,
(σµab)A = 2C
(2n)
g
{
n−1∑
m=1
n−1Cmµ
m ∗↑
[
n ∧ F ∧(n−1−m) ∧Rab ∧H∧(m−1)
]µ
+
n−1∑
m=0
n−1Cmµ
m[µσ]
ab ∗↑
[
n ∧ F ∧(n−1−m) ∧H∧m
]µ}
,
(ǫµ)A =
n−1∑
m=0
µm
(
n+1Cm+2C
(2n)µ2 + n−1CmC
(2n)
g [µσ]
a
b[µσ]
b
a
)
∗↑
[
n ∧ F ∧(n−1−m) ∧H∧m
]µ
+ C(2n)g
{
n−1∑
m=2
n−1Cmµ
m ∗↑
[
n ∧ F ∧(n−1−m) ∧Rab ∧Rba ∧H∧(m−2)
]µ
+2
n−1∑
m=1
n−1Cmµ
m[µσ]
a
b ∗↑
[
n ∧ F ∧(n−1−m) ∧Rba ∧H∧(m−1)
]µ}
. (5.16)
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Finally we can write an equilibrium partition function W eqbanom which generates these currents in
equilibrium configuration; for null fluids,
W eqbanom = −
∫
M(2n+1)
V ∧ V¯ ∧A ∧
{
n∑
m=1
nCmC
(2n)µmF ∧(n−m) ∧H∧(m−1)
+C(2n)g
n−2∑
m=1
n−2Cmµ
mF ∧(n−2−m) ∧H∧(m−1) ∧RAB ∧RBA
+C(2n)g
n−2∑
m=0
n−2Cmµ
m[µΣ]
A
BF
∧(n−2−m) ∧H∧m ∧ (2RBA + [µΣ]BAH)
}
, (5.17)
and for Galilean fluids,
W eqbanom = −
∫
M(2n)
n ∧A ∧
{
n∑
m=1
nCmC
(2n)µmF ∧(n−m) ∧H∧(m−1)
+C(2n)g
n−2∑
m=1
n−2Cmµ
mF ∧(n−2−m) ∧H∧(m−1) ∧Rab ∧Rba
+C(2n)g
n−2∑
m=0
n−2Cmµ
m[µσ]
a
bF
∧(n−2−m) ∧H∧m ∧
(
2Rba + [µσ]
b
aH
)}
. (5.18)
This finishes our discussion about anomalies in generic even dimensional Galilean fluid up to
subsubleading order in derivative expansion. 1 spatial dimensional case was discussed separately
in § 5.1 for illustrative purposes. 1 dimensional case is also qualitatively different from higher
dimensions, because only in this special case we get pure gravitational anomaly term in the
anomaly polynomial up to subsubleading order. 3 and higher spatial dimensional cases are
qualitatively similar as we illustrated above. For physically interesting results one might want
to put n = 2 and recover 3 spatial dimensional results, which are found to be in agreement with
path integral calculation of [36].
6 | Conclusions and Further Directions
In this work we examined the effect of gauge and gravitational anomalies on Galilean theories
with spin current, coupled to torsional Newton-Cartan geometries. In particular it is to be
noted that we primarily studied anomalous theories on torsional null backgrounds, from where
the aforementioned system is just a choice of basis (null reduction) away. It strengthens our
belief that null theories are just an embedding of Galilean theories into a higher dimensional
spacetime, which are closer to their relativistic cousins, are frame independent and are easier to
handle compared to Newton-Cartan backgrounds. Transition from null to Galilean (Newton-
Cartan) theories is essentially trivial.
We used the anomaly inflow mechanism prevalent in relativistic theories, with slight modifi-
cations, to construct these anomalies. We found that after null reduction the anomalies only
contribute to spatial spin and charge conservation equations, and only in even dimensions.
In other words only rotational and gauge symmetry of the Galilean theory goes anomalous.
This is in contrast with the results of [37] where Galilean boost symmetry was also seen to be
anomalous. As we mentioned in the introduction and in the main work, the discrepancy can
be attributed to presence of extra fields in [37] which have been explicitly switched off in null
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background construction. It is interesting to note that Galilean anomaly polynomial p(2n+2)
is structurally the same as relativistic anomaly polynomial P
(2n+2)
CS , and hence the number on
anomaly coefficients at the both sides match. Owing to it, the structure of Hall currents that en-
ter the conservation laws, is also quite similar in both cases. Hence the results we have obtained
promises to be genuine non-relativistic anomalies and not just the manifestation of (stronger)
Galilean invariance.
Unrelated to Galilean theories, we found that in Cartan formulation of relativistic fluids there
exists a more natural definition of entropy current which does not get any anomalous con-
tributions. On the other hand the Belinfante (usual) entropy current used e.g. in [41] gets
contributions from gravitational anomaly. Look at appendix (D) for more comments on this
issue.
We also studied anomalous sector of null/Galilean hydrodynamics, in which we explicitly wrote
down the constitutive relations which are completely determined in terms of anomalies. For this
we used the transgression machinery developed to do the same task in relativistic hydrodynam-
ics. There have been no surprises in this computation; everything went more or less through for
null theories, as it did for relativistic theories. The entropy current in Galilean theories is inde-
pendent of anomalies as well. From a different perspective, it illustrates that null background
construction allows us to use much sophisticated and developed relativistic machinery directly
into non-relativistic physics, which is encouraging.
It opens up an arena to bring in set results from relativistic theories into null theories and see
if we can say something new and useful about Galilean theories from there. An immediate
question that comes to our mind is regarding transcendental contributions to hydrodynamics
from anomalies. In relativistic hydrodynamics [46] showed that there are certain constants in
fluid constitutive relations that are left undetermined by second law of thermodynamics, but
can be related to the anomaly coefficients on requiring the consistency of Euclidean vacuum.
Similar constants have also been found for Galilean theories in [2, 19]. It would be nice to see
if these constants can be associated with Galilean anomalies found in this work. Being little
more ambitious, one can hope for a complete classification of Galilean hydrodynamic transport
following its relativistic counterpart suggested recently in [40, 41]. It will also be interesting to
see if Weyl anomaly analysis of [37] remains unchanged when the additional mass sources have
been switched off.
For now we will leave the reader with these questions and possibilities, in hope that we would
be able to unravel new and interesting non-relativistic physics using null backgrounds. If there
is one thing reader should take away from this work, we would recommend the approach – if
we are interested in a problem pertaining to Galilean physics which we know how to solve in
relativistic case, a good way ahead would be to formulate the problem in terms of null theories,
do the computation there, and perform a trivial null reduction to get Galilean results.
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A | Results in Non-Covariant Basis
In this appendix we give some of the results discussed in main text in conventional non-covariant
notation. We pick up a basis xM = {x∼, t, xi} on M(d+2) such that time data ψV = {∂∼, 0, 0}
and ψT = {∂t, 0, 0}. ~x = {xi} spans the spatial slice MT(d). This is equivalent to choosing the
Newton-Cartan decomposition but with vi = Λ(T ) = [ΛΣ(T )]
A
B = 0. On R
(d+1,1) on the other
hand we choose the same basis as before xA = {x−, x+, xa} such that V = ∂−, V¯(T ) = ∂+. In
this basis various NC background fields can be decomposed as,
nµ =
(
e−Φ
e−Φai
)
, vµ =
(
eΦ
0
)
, Bµ =
(
Bt
Bi
)
, eaµ =
(
0
eai
)
, e µa =
(−aa
e ia
)
,
hµν =
(
0 0
0 gij
)
, hµν =
(
akak −aj
−ai gij
)
. (A.1)
Here spatial metric has been defined as,
gij = δabe
a
ie
b
j, g
ij = δabe ia e
j
b . (A.2)
Spatial indices can be raised and lowered by gij and can be swapped using the spatial Vielbein
eai. However in the following we will explicitly work in i, j . . . indices. One can check that
after this choice of basis we are only allowed to perform ~x dependent transformations, except
boosts which are completely fixed. One can check that on trivially decomposing the Newton-
Cartan expressions into xµ = {t, xi}, our theory will be manifestly covariant against all these
transformations except time translations t→ t+ ξt(~x), sometimes known as Kaluza-Klein (KK)
gauge transformations. The theory can be made manifestly covariant under KK transformations
as well by working with corrected tensors,
X´t = e−Φ
(
Xt + aiX
i
)
, X´t = e
ΦXt, X´
i = Xi, X´i = Xi − aiXt, (A.3)
and similarly for higher rank tensors. These are the well known Kaluza-Klein covariant fields20.
Under flat time approximation i.e. Φ = ai = 0 this transformation turns trivial. One can check
that NC contraction can be expanded in this format as,
AµBµ = A´
tB´t + A´
iB´i, (A.4)
which will be helpful later. Now we can decompose various components of connections in this
basis as,
cµt = 0, c´ij =
1
2
∂´tgji +
1
2
Ω´ij + T´(ij)t, α´i = c´ti = Ω´ti,
Γ´ttt = −∂´tΦ, Γ´ttj = e−Φ∂´taj, Γ´tit = −∂´iΦ, Γ´tij = e−Φ∂´iaj .
Γ´ktt = Ω´
k
t , Γ´
k
it = c´
k
i , Γ´
k
tj = c´
k
j − T´kjt.
Γ´kij =
1
2
gkl
(
∂´iglj + ∂´jgli − ∂´lgij
)
+
1
2
(
T´kij − 2T´ k(ij)
)
. (A.5)
Here we have also defined the corrected coordinate derivatives ∂´i = ∂i − ai∂t, ∂´t = eΦ∂t. In
equilibrium (i.e. ∂tϕ = 0 ∀φ) or when time is flat, we can recover ∂´i = ∂i, ∂´t = ∂t. We
20The original Kaluza-Klein transformation only involves KK gauge field ai. The factors of e
Φ can be thought
of as red-shift factors due to time component of time metric nµ.
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define covariant derivative ∇´i associated with corrected derivative21 ∂´i and connections Γ´jik
and A´i, which act on a general tensor ϕ
i
j transforming in adjoint representation of the gauge
group,
∇´iϕjk = ∂´iϕjk + Γ´jilϕlk − Γ´l ikϕjl +
[
A´i, ϕ
j
k
]
, (A.7)
and similarly on higher rank objects. We also define a ‘time covariant derivative’ ∇´t associated
with ∂´t and connections Γ´
j
tk and A´t, acting on ϕ
i
j naturally,
∇´tϕij = ∂´tϕij + Γ´itkϕkj − Γ´ktjϕik +
[
A´t, ϕ
i
j
]
, (A.8)
and similarly on higher rank objects. One can check that both of these derivatives behave
tensorially on the spatial slice and are KK gauge invariant. More importantly both of these
preserve metric gij . There is no essential need to work with these corrected quantities, just that
the statements are manifestly KK gauge invariant and look nicer.
Using similar decomposition and KK correction for various currents, we can reduce the conser-
vation equations eqn. (3.7) into non-covariant basis,
Mass Cons.: ∇´tρ+ ∇´iρ´i = 0,
Energy Cons.: ∇´tǫ+ ∇´iǫ´i = [power]− p´iα´i − p´ij c´ij ,
Momentum Cons.: ∇´tp´i + ∇´j p´ji = [force]i − ρα´i − ρ´j c´ji,
Temporal Spin Cons.: ∇´tτ´ i + ∇´j τ´ ji =
1
2
(
ρ´i − p´i) ,
Spatial Spin Cons.: ∇´tσ´ij + ∇´kσ´kij = p´[ji] + 2τ´ [iα´j] + 2τ´k[ic´ j]k + σ´⊥ijH ,
Charge Cons.: ∇´tq + ∇´ij´i = j⊥H, (A.9)
where ∇´i = ∇´i − T´jji + H´ti and ∇´t = ∇´t + Γ´iti. It is worth noting that the corrected time
component of mass current ρ´t is just the mass density ρ, and similarly for all other currents.
If we are to expand the covariant derivatives in these equations, the nice looking expressions
will turn notoriously bad; so we do not attempt to do that. Rather we invite the readers to
qualitatively access the form of these equations and convince themselves that these are what
we expect for a Galilean system. Similarly [power] and [force] densities can also be decomposed
as,
[power] = e´i · j´i + . . . , [force]i = e´i · q + β´ij · j´j + . . . , (A.10)
where e´i = F´it is the electric field, β´ij = F´ij is the dual magnetic field, and . . . corresponds to
similar terms coming from all other field-current couples.
On the other hand non-covariant expressions for anomalous sector of hydrodynamic constitutive
relations follow trivially from eqn. (4.19). Only non-zero contributions are given as22,
(ǫ´i)A = E
i
P , (σ´
ijk)A = Σ
ijk
P
, (j´i)A = J
i
P . (A.11)
The expressions for RHS can be obtained from eqn. (4.24).
21 One might be lured (e.g. in [2]) to define covariant derivative with respect to original derivative ∂i and more
conventional affine connection,
γkij = Γ´
k
ij −
1
2
ak∂tgij + g
kla(i∂tgj)l =
1
2
gkl (∂iglj + ∂jgli − ∂lgij) +
1
2
(
T´kij − 2T´
k
(ij)
)
, (A.6)
which however will not be KK gauge invariant. The results hence will be messy and will carry extra time
derivatives of metric. Therefore we will refrain from doing so. Obviously both of these covariant derivatives are
same in flat time or equilibrium.
22We have assumed that the same ψT is being used for reduction and to describe anomaly polynomial. Had
they been different, currents would shift by a total derivative.
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B | Comparison with Geracie et al. [4]
Authors of [4] have prescribed a nice covariant frame independent description of Galilean physics
in terms of an ‘extended representation’. The extended space is basically a one dimensional
higher flat space which allows for a nice frame independent embedding of the Galilean group.
On a closer inspection however, it would be clear that the extended space is nothing but the
Vielbein space for null theories. To demonstrate this we pick up a basis on M(d+2) (but not
perform null reduction, which would require us to choose time data ψT and hence will introduce
frame dependence), xM = {x∼, xµ} such that V = ∂∼. We can then express the anomalous null
conservation laws as, (
∇µ − Tννµ
)
jµρ = 0,
EAν
(
∇µ − Tννµ
)
T µA − TAνµT µA = RνµABΣµBA + Fνµ · Jµ,(
∇µ − Tννµ
)
ΣµAB = −T [AB] +Σ⊥ABH +#[AV B],(
∇µ − Tννµ
)
jµq = J
⊥
H. (B.1)
In this, and only in this section ∇µ is associated with Γρµσ, CAµB, Aµ and Vielbein has been
used to transform indices. The results are presented to make them look as close as possible to
(5.8) – (5.10) of [4]. The authors however did not consider anomalies, and did not report the
full spin conservation. Only the boost part of spin conservation is reported in (5.13) of [4] which
is identical to our corresponding conservation in eqn. (3.7).
If one looks at these equations and at the currents appearing in them, one would realize that all
the unphysical degrees of freedom have been eliminated (except the spin conservation equations).
Therefore EM tensor and charge current as appearing in [4] only carry physical information. On
cost of some unphysical degrees of freedom (and a consistent prescription to eliminate them)
we have been able to transform these set of equations into a nice covariant higher dimensional
null theory.
We would like to note that authors in [4] have also used their construction to study (2 + 1)
dimensional Galilean fluids. Same results (for torsionless case) were gained from ‘null fluids’ in
[2] and a detailed comparison can be found in their last appendix.
C | Conventions of Differential Forms
In this appendix we will recollect some results about differential forms, and will set notations
and conventions used throughout this work. An m-rank differential form µ(m) on M(d+2), can
be written in a coordinate basis as,
µ(m) =
1
m!
µM1M2...Mmdx
M1 ∧ dxM2 ∧ . . . ∧ dxMm, (C.1)
where µ is a completely antisymmetric tensor. On M(d+2), volume element is given by a full
rank form,
ǫ(d+2) =
1
(d+ 2)!
ǫM1M2...Md+2dx
M1 ∧ dxM2 ∧ . . . ∧ dxMd+2, (C.2)
where ǫ is the totally antisymmetric Levi-Civita symbol with value ǫ0,1,2,...,d+1 =
√|G| and
G = detGMN . Using it, Hodge dual is defined to be a map from m-rank differential forms to
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(d+ 2−m)-rank differential forms,
⋆ [µ(m)] =
1
(d+ 2−m)!
(
1
m!
µM1...MmǫM1...MmN1...Nd+2−m
)
dxN1 ∧ . . . ∧ dxNd+2−m. (C.3)
One can check that ⋆ ⋆ µ(m) = sgn(G)(−)m(d−m) , and,
µ(m) ∧ ⋆[ν(m)] = 1
m!
µM1...MmνM1...Mmǫ
(d+2). (C.4)
We define the ∧ product of two differential forms as,
µ(m) ∧ ν(r) = 1
(m+ r)!
(
(m+ n)!
m!r!
µ[M1...MmνN1...Nr]
)
dxM1 ∧ . . . ∧ dxN1 ∧ . . . . (C.5)
For multiple forms we can find,
µ(m) ∧ ν(r) ∧ . . . ∧ ρ(s) = 1
(m+ r + . . .+ s)!
(
(m+ r + . . .+ s)!
m!r! . . . s!
µ[M1...MmνN1...NrρR1...Rs]
)
dxM1 ∧ . . . ∧ dxN1 ∧ . . . ∧ dxR1 ∧ . . . , (C.6)
⋆[µ(m)∧ν(r) . . .∧ρ(s)] = 1
(d+ 2−m− r . . .− s)!
(
1
m!r! . . . s!
µM1...νN1... . . . ρR1...ǫM1...N1...R1...···S1...
)
dxS1 ∧ . . . . (C.7)
We define the interior product with respect to a vector field X of a differential form as,
ιXµ
(m) =
1
(m− 1)!
(
XMµ[MN1...Nm−1]
)
dxN1 ∧ . . . ∧ dxNm−1 . (C.8)
One can check two useful identities
ιX ⋆
[
µ(m)
]
= ⋆
[
µ(m) ∧X
]
, ⋆
[
ιXµ
(m)
]
= (−)m−1X ∧ ⋆
[
µ(m)
]
. (C.9)
Given a one-form Y (1) and a vector field X such that ιXY
(1) = 1, any differential form µ(m)
can be decomposed as,
µ(m) = ιX
(
Y (1) ∧ µ(m)
)
+ Y (1) ∧ ιXµ(m). (C.10)
This is in particular helpful when µ(d+2) is a full rank form,
µ(d+2) = Y (1) ∧ ιXµ(d+2). (C.11)
The exterior product of a differential form is defined to be,
dµ(m) =
1
(m+ 1)!
[
(m+ 1)∂[M1µM2...Mm+1]
]
dxM1 ∧ . . . ∧ dxMp+1. (C.12)
One can check a useful relation,
⋆ dµ(d+1) = (−)d+1∇M ⋆
[
µ(d+1)
]M
, d ⋆
[
µ(1)
]
= ⋆∇MµM . (C.13)
The lie derivative of a differential form satisfies,
£Xµ
(m) = ιXdµ
(m) + d
(
ιXµ
(m)
)
. (C.14)
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Integration of a full rank form is defined as,∫
M(d+2)
µ(d+2) = sgn(G)
∫
{dxM}
√
|G| ⋆ [µ(d+2)]
= sgn(G)
∫
{dxM}
√
|G| 1
(d+ 2)!
ǫM1...Md+2µM1...Md+2 . (C.15)
Here the raised Levi-Civita symbol has value ǫ0,1,2,...,d+1 = sgn(G)/
√
|G|. Integration of an
exact full rank form is given by integration on the boundary,∫
M(d+2)
dµ(d+1) =
∫
∂M(d+2)
µ(d+1), (C.16)
where given a unit vector N normal to boundary, volume element on the boundary is defined
as ιNǫ
(d+2) = ⋆N .
Newton-Cartan Differential Forms
We decompose a vector and a one form on M(d+2) in NC basis,
XM∂M = (X∼ −BµX µ) ∂∼ +X µ (∂µ +Bµ∂∼) ,
YMdxM = Y∼ (dx∼ −Bµdxµ) + (Yµ +BµY∼) dxµ. (C.17)
One can check that these results are written in ‘nicely’ transforming basis from the NC per-
spective, which tells us that,
VMYM = Y∼, Yµ +BµY∼, V¯MXM = X∼ −XµBµ, X µ, (C.18)
are nicely transforming quantities. As is quite apparent, first and last do not depend on the
explicit choice of ψT but the middle ones do. A similar analysis can be done for all tensor fields
in the theory. Note that if YM satisfies ιVY = V MYM = 0, the one form becomes purely NC.
On the other hand if V¯MXM = 0, the vector field becomes purely NC. This motivates us to
define a NC differential form to be a form in M(d+2) which does not have a leg along V , i.e.
ιV µ
(m). Such a form can be expanded as,
µ(m) =
1
m!
µµ1µ2...µmdx
µ1 ∧ dxµ2 ∧ . . . ∧ dxµm. (C.19)
On the other hand we define a NC ‘differential contra-form’ as a totally antisymmetric con-
travariant tensor in M(d+2) which has zero contraction with V¯M . In basis ∂′µ = ∂µ + Bµ∂∼ it
can be expanded as,
µ[m] =
1
m!
µµ1µ2...µm∂′µ1 ∧ ∂′µ2 ∧ . . . ∧ ∂′µm . (C.20)
It is clear that though the basis depends on choice of ψT , the components of contra-form are
independent of it. On a manifold with a non-degenerate metric there exists a map between these
two quantities, but for us these two shall be distinct. We can also define a spatial differential
form/contra-form with requirement that it should not have any leg along V and V¯ . In this case
there exists a map between these two quantities realized by pµν and pµν .
Correspondingly there are three volume elements,
ε
[d+1]
↑ = [⋆V¯ ]
♯ =
1
(d+ 1)!
(
V¯M ǫ
Mµ1...µd+1
)
∂′µ1 ∧ . . . ∧ ∂′µd+1 ,
ε
(d+1)
↓ = ⋆V =
1
(d+ 1)!
(
VM ǫMµ1...µd+1
)
dxµ1 ∧ . . . ∧ dxµd+1 ,
ε(d) = ⋆[V ∧ V¯ ] = 1
d!
(
VM V¯ NǫMNµ1...µd
)
dxµ1 ∧ . . . ∧ dxµd . (C.21)
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In the main text we have primarily used the first one. Correspondingly there are three Hodge
duals that provide maps from forms to contra-forms, contra-forms to forms, and a self-inverse
map between spatial forms respectively,
∗↑
[
µ(m)
]
= ⋆
[
V¯ ∧ µ(m)
]♯
=
1
(d+ 1−m)!
(
1
m!
µµ1...µmε
µ1...µmν1...νd+1−m
↑
)
∂′ν1 ∧ . . . ∧ ∂′νd+1−m ,
∗↓
[
µ[m]
]
= ⋆
[
V ∧ µ♭(m)
]
=
1
(d+ 1−m)!
(
1
m!
µµ1...µmε↓µ1...µmν1...νd+1−m
)
dxν1 ∧ . . . ∧ dxνd+1−m ,
∗
[
µ(m)
]
= ⋆
[
V ∧ u ∧ µ(m)
]
=
1
(d−m)!
(
1
m!
µµ1...µmεµ1...µmν1...νd−m
)
dxν1 ∧ . . . ∧ dxνd−m .
(C.22)
One can check that ∗∗ = −sgn(G)(−)m(d−m) and ∗↓∗↑ = ∗↑∗↓ = −sgn(G)(−)m(d+1−m) . Finally
we need to define integration for NC full rank forms and contra-forms,∫
M(d+1)
µ(d+1) = sgn(G)
∫
M(d+2)
V¯ ∧ µ(d+1) = sgn(γ)
∫
{dxµ}
√
|γ| ∗↑
[
µ(d+1)
]
,
∫
M(d+1)
µ[d+1] = sgn(G)
∫
M(d+2)
V ∧ µ♭(d+1) = sgn(γ)
∫
{dxµ}
√
|γ| ∗↓
[
µ[d+1]
]
, (C.23)
where γµν = pµν + nµnν and γ = det γµν = −G. Obviously a full rank spatial form would be
zero. Rest of the notations and conventions follow from our relativistic discussion.
Non-covariant Differential Forms
Choosing a non-covariant basis given in appendix (A), a vector and a one-form can be decom-
posed as,
XM∂M = −eΦ (Xt +BtX∼) ∂∼ − eΦX∼ (Bt∂∼ + ∂t) + X i (∂i − ai∂t + (Bi − aiBt) ∂∼) ,
YMdxM = Y∼ (dx∼ −Bµdxµ) + (Y∼Bt + Yt)
(
dt+ aidx
i
)
+ gijYjdxi. (C.24)
It immediately follows that a spatial differential form (Yt = Y∼ = 0) is indeed a pure differential
form on the spatial slice. Such a form can be expanded in coordinate basis as,
µ(m) =
1
m!
µi1i2...imdx
i1 ∧ dxi2 ∧ . . . ∧ dxim. (C.25)
Since there exists a invertible metric gij on this slice, there is a map between forms and contra-
forms. One can check that the volume element ε(d) defined before is indeed a full rank form on
the spatial slice and can be written in this setting as,
ε(d) = ⋆[V ∧ V¯ ] = 1
d!
(
V M V¯ NǫMNi1...id
)
dxi1 ∧ . . . ∧ dxid . (C.26)
The Hodge dual ∗ associated with it serves as Hodge dual operation on the spatial slice. Finally
a full rank spatial form can be integrated on a spatial slice,∫
M(d)
µ(d) = sgn(G)
∫
M(d+2)
eΦV ∧ V¯ ∧ µ(d) = sgn(g)
∫
{dxµ}
√
|g| ∗ [µ(d)]. (C.27)
Here g = det gij = e
2Φγ = −e2ΦG. Other conventions and notations are same as relativistic
case.
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D | Comments on the Relativistic Entropy Current
In this appendix we want to make some comments on the entropy current for a relativistic
fluid. To make more contact with [41], in this section we consider the relativistic manifold
M(2n) to be 2n dimensional, and denote indices on it by µ, ν . . .. On the local flat space
R
(2n−1,1) however we denote indices by α, β . . .. This setup is equipped with a Vielbein eαµ,
an affine connection Γλµν , a spin connection C
α
µβ = e
ρ
β
(
Γνµρe
α
ν − ∂µeaρ
)
, and a non-abelian
gauge field Aµ. Correspondingly we have torsion tensor T
α
µν , Riemann curvature tensor Rµν
α
β
and gauge field strength Fµν . µ, ν . . . can be raised/lowered by metric gµν , α, β . . . indices can
be raised/lowered by flat metric ηαβ , while both type of indices can be interchanged by the
Vielbein. The covariant derivative on the other hand is given by ∇µ which is associated with all
the connections. We take the fluid data to be ψβ = {βµ, [ΛΣ(β)]µν ,Λ(β)}. In terms of it we define
fluid temperature T = (−βµβµ)−1/2, fluid velocity uµ = Tβµ, scaled chemical potential ν =
Λβ+β
µAµ, chemical potential µ = Tν, scaled spin chemical potential [νΣ]
α
β = [ΛΣ]
α
β+β
µCαµβ,
and spin chemical potential [µΣ]
α
β = T [νΣ]
α
β. Finally we have canonical EM tensor T
µ
α, spin
current Σµαβ, charge current J
µ, entropy current JµS , Belinfante EM tensor T
µν
(b) , and Belinfante
(usual) entropy current JµS(b).
We wrote an off-shell generalization for the second law of thermodynamics in Cartan formalism
in § 4, which in aforementioned notation will become,
∇µJµs + βν
(
∇µT µν − TανµT µα −RνµαβΣµβα − Fνµ · Jµ
)
+ [νΣ]βα
(
∇µΣµαβ − T [βα] − Σ⊥αβH
)
+ ν ·
(
∇µJµ − J⊥H
)
≥ 0, (D.1)
where ∇µ = ∇µ − Tννµ. Σ⊥αβH , J⊥H are the anomalous Hall currents, which are determined in
terms of an anomaly polynomial P
(2n+2)
CS ,
⋆(2n+1) ΣH
αβ =
∂P
(2n+2)
CS
∂Rβα
, ⋆(2n+1)JH =
∂P
(2n+2)
CS
∂F
. (D.2)
On imposing equations of motion eqn. (3.4) (after appropriate change of notation) this will boil
down to the second law of thermodynamics ∇µJµS ≥ 0. To compare this statement with that of
[3] we making a field redefinition,
[νΣ]µν → [ν ′Σ]µν = [νΣ]µν + eα[µδβeαν] = ∇[νβµ] +T[µν]ρβρ, (D.3)
where δβ is the diffeo, spin and gauge transformation associated with ψβ. This field redefi-
nition does not spoil our equilibrium frame as the perturbation vanishes on promoting ψβ to
an isometry. Further setting torsion to zero, this statement boils down to the statement of
[3],
∇µJµS(b) + βν
(
∇µT µν(b) − F νµ · Jν −∇µΣ⊥νµH
)
+ ν ·
(
∇µJµ − J⊥H
)
≥ 0, (D.4)
where we have defined the Belinfante EM tensor,
T µν(b) = T
(µν) + 2∇ρΣ(µν)ρ, (D.5)
and Belinfante entropy current23,
JµS(b) = J
µ
S + βν
(
∇ρΣρµν + T [µν] − Σ⊥µνH
)
, (D.6)
23The motive of calling SM(b) Belinfante entropy current is primarily to distinguish it from S
M , and secondly to
relate it more closely to Belinfante EM tensor TMN(b) . We couldn’t find any existing name in the literature for this
quantity.
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which is more natural quantity to use when working with Belinfante EM tensor T µν(b). Note that
the two entropy currents differ only off-shell and boil down to the same when the spin equation
of motion is imposed,
∇ρΣρµν = T [νµ] +Σ⊥µνH . (D.7)
For comparison with [41] we would be interested in spinless relativistic fluids. In absence of
anomalies we could define spinless fluids by Σρµν = T [µν] = 0, but anomalies would not allow
us to make this simple choice. Nevertheless we can define spinless fluids by Σρµν , T [µν] being
totally determined by anomalies.
The transgression form business does not change much in Vielbein formalism. The end result
is that we can define certain quantities in terms of anomaly polynomial P
(2n+2)
CS and hatted
connections Aˆ = A+ µu, Cˆαβ = C
α
β + [µΣ]
α
βu,
⋆Σαβ
P
=
u
du
∧
(
∂P
∂Rβα
(2n+2)
− ∂Pˆ
(2n+2)
∂Rˆβα
)
, ⋆JP =
u
du
∧
(
∂P(2n+2)
∂F
− ∂Pˆ
(2n+2)
∂Fˆ
)
⋆ q
P
= − u
du
∧
[
P
(2n+2)
CS − PˆCS + du ∧
(
[µΣ]
α
β
∂Pˆ(2n+2)
∂Rˆ
α
β
+ µ · ∂Pˆ
(2n+2)
∂Fˆ
)]
. (D.8)
In terms of these, anomalous sector of constitutive relations is given as,
(T µα)A = q
µ
P
uα + qα
P
uµ, (Σµαβ)A = Σ
µαβ
P
, (Jµ)A = J
µ
P
. (D.9)
These currents follow the Bianchi identities24,
∇µ(T µν)A = Tανµ(T µα)A +Rνµαβ(Σµβα)A + Fνµ · (Jµ)A − uν
(
µ · Jˆ⊥H + [µΣ]αβΣˆ⊥βαH
)
,
+
1√−g δβ
(√−gTq
Pν
)
∇µ(Σµαβ)A = Σ⊥αβH − Σˆ⊥αβH ,
∇µ(Jµ)A = J⊥H − Jˆ⊥H. (D.10)
Plugging these constitutive relations into the off-shell adiabaticity equation we can get a relation
for the entropy current,
∇µ(JµS )A ≥ 0. (D.11)
Hence the off-shell second law can be satisfied with a trivially zero entropy current
JµS = 0. (D.12)
In other words, entropy current JµS does not get any contribution from anomalies. On the other
hand, using Bianchi identities in eqn. (D.6), we can read out the anomalous Belinfante entropy
current,
(JµS(b))A = βνΣˆ
⊥νµ
H , (D.13)
which is what was found by [41]. Note that Σˆ⊥νµH is by definition antisymmetric in its last
two indices, and differ from [41] by a factor of 2. Hence we have established that entropy
current in Vielbein formalism JµS does not get contribution from anomalies, while the Belinfante
entropy current does. Recall that a similar situation appears for EM tensor as well; while the
canonical EM tensor T µα that appears in Vielbein formalism is Noether current of translations,
24Upon using the definition of Belinfante EM tensor from eqn. (D.5), and setting torsion to zero, these Bianchi
identities reproduce the ones given in [41].
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the symmetric Belinfante EM tensor T µν(b) that appears in usual formalism couples to metric in
general relativity but does not correspond to any Noether current. Hence from the point of view
of symmetries, canonical EM tensor is a more natural quantity. On the same lines we guess
that Vielbein entropy current will be more naturally associated with the fundamental U(1)T
symmetry introduced by [41], as opposed to the Belinfante entropy current. The former being
independent of anomalies seems to strengthen this natural guess. However one will have to do
the explicit computation of U(1)T transformations in presence of torsion to give any weight to
this claim.
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